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Acidic Dissociation Constant of Ammonium Ion at O° 


to 50° C, and the Base Strength of Ammonia 
By Roger G. Bates and Gladys D. Pinching 


The acidic dissociation of many acids has been studied in detail, but weak bases have 
generally been neglected because of the experimental difficulties encountered in the investiga- 
tion of some of their buffer solutions by electromotive-force methods. These difficulties may 
arise from volatility of the free base or the existence of extraneous electrode reactions such as 
the formation of ammine complexes at the silver-silver-chloride electrode. In this study of 
ammonia, special saturators were used to prevent, insofar as possible, the removal of ammonia 
from the solutions by the hydrogen gas. <A correction was applied for the amount of diam- 
mine silver complex formed at the silver-silver-chloride electrode, and this silver ion was pre- 
vented by mechanical means from reaching the platinum electrodes. 

With these precautions, the acidic dissociation constant of ammonium ion at 0° to 50° C 
was determined from electromotive-force measurements on 19 buffer solutions containing 
equal molalities of ammonia and ammonium chloride. The changes of free energy, heat con- 
tent, entropy, and heat capacity that accompany the dissociation processes in the standard 
state were derived from the temperature coefficients of the acidic dissociation constant of 
ammonium ion and of the basic dissociation constant of ammonia. The activity coefficient 


of ammonium chloride in equimolal buffer solutions at 25° C was calculated. 


I. Introduction to drift at the rate of about 0.1 mv every 5 min 
after apparent equilibrium had been attained. 
They concluded that “. . . the method seems 
to lack the precision and reproducibility . . . which 


In principle, the thermodynamic dissociation 
constants of weak bases in aqueous solution can 
be determined by the same electromotive-force 
methods [1, 2, 3]' that have been used successfully 
to study the acidic dissociation of a large number 
of weak acids. The high solubility of silver 
chloride in solutions of the ammonia bases led 
Owen to suggest [4] that the silver-silver-iodide 
electrode be employed. The latter electrode is 
not, however, as reproducible as the silver-silver- 
chloride electrode, and its potential is consider- 


it enjoys in the study of acid solutions”’. 

The hydrogen-silver-chloride cell is well suited 
to a determination of the basic dissociation con- 
stants of many ampholytes [6] which neither 
react appreciably with silver chloride nor are 
removed from the solution by bubbling hydrogen. 
In solutions of sodium glycinate and sodium 
chloride, a dilute sodium-amalgam electrode has 
ably more sensitive to traces of oxygen in the been found to give results comparable with 
. ae those obtained with the silver-silver-chloride 
electrode [7]. There is no theoretical reason why 
the sodium electrode should not prove applicable 
to other bases as well. In practice, however, the 
dropping amalgam electrode is inconvenient at 
best. The suggestion of Roberts [8] that a 
thallium amalgam electrode be employed in buffer 
solutions to which a soluble thallous salt has been 


solutions. Furthermore, special precautions must 
be taken, when the base is volatile, in the use of 
the hydrogen electrode. In an investigation of 
solutions of methylamine and its hydroiodide 
by means of hydrogen-silver-iodide cells, Kanning 
and Schmelzle [5] found the electromotive force 


! Figures in brackets indicate the literature references at the end of this 
paper. 
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added appears never to have been subjected to 
experimental test. 

Our information concerning the thermodynam- 
ies of basic dissociation consists principally of the 
results of studies of ammonium ion and the mono- 
methyl-, dimethyl-, and trimethyl-ammonium ions 
by Everets and Wynne-Jones [9, 10, 11] and of 
anilinium and chloroanilinium ions by Pedersen 
[12, 13]. In the work on ammonium and sub- 
stituted ammonium ions, two hydrogen-electrode 
half cells, one filled with a mixture of buffer 
solution and potassium chloride and the second 
with a solution that differed from the first only 
by replacement of the buffer by hydrochloric acid, 
were connected by a bridge of 3.5—N potassium 
chloride. The liquid-junction potential was elim- 
inated by an extrapolation method and the ther- 
modynamic dissociation constants obtained by an 
extrapolation to infinite dilution of data for 
different ionic strengths. 
used by Pedersen in the study of anilinium and 


Glass electrodes were 


chloroanilinium ions. 

Inasmuch as our present knowledge of the 
thermodynamics of weak acids and ampholytes 
is based chiefly upon the cell with hydrogen and 
silver-silver-chloride electrodes, it seems desir- 
able that studies of weak bases should relate, in- 
sofar as possible, also to this cell. This paper 
reports a determination of the acidic dissociation 
constant of ammonium ion from 0° to 50° C by 
electromotive-force measurements of hydrogen- 
silver-chloride cells. Suitable precautions were 
taken to retard the removal of ammonia from the 
solution and to prevent silver ion from reaching 
the hydrogen electrodes. Corrections were ap- 
plied for the solubility of silver chloride in the 
buffer solutions. The standard changes of free 
energy, heat content, entropy, and heat capacity 
for the dissociation of 1 gram ion of ammonium 
were evaluated. In agreement with Everett and 
Wynne-Jones [9, 10], log A, was found to be a 
linear function of 1/7, within experimental error, 
where AK, and 7 are the dissociation constant 
and absolute temperature, respectively. The ac- 
tivity coefficient of ammonium chloride in equi- 
molal buffer solutions at 25° C was calculated. 


II. Method 


Electromotive-force data for cells of the type 
Pt; H.(g), NH,Cl (m), NH, (m), AgCl (s); Ag, 
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in which m is molality, were obtained. Each enif 
value, E, corrected to a partial pressure of 1 atin 
of hydrogen, can be converted to the correspondir ¢ 
value of the acidity function, pwH [14], by the 
equation 

— 
pwH = —log (fufe:mn) os rt log Me, 
in which £° is the standard potential of the cell; 
F is the faraday, 96,496 abs coulombs per equiva- 
lent [15]; R is the gas constant, 8.3144 abs j per 
degree per mole [15]; 7 is the absolute tempera- 
ture, ° C+-273.16; and / is the activity coefficient 
on the molal scale. The values of E° and of 
2.3026 RT/F in absolute volts are given in table | 
The former were obtained by multiplication of the 
standard potentials in international volts [16, 17} 
by the conversion factor, 1.00033 [18]. 


Taste 1. Values of E°, 2.3026 RTF, and K,,/K, 


ap AD XU 
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The concentration of hydrogen (hydronium 
ion, My, is determined by the extent to which the 
dissociation reaction, 


NH, + H,O— NH,+H,0°,” (2 


proceeds. The dissociation constant is formu 
lated 


Mutuxn, I xa, 


kK, 


Mixn, Irn, a,, 


where the molalities, m;, represent the total mola 

concentrations of the species ¢, hydrated or othe: 

wise, and a, is the activity of water. If my/ 

from eq 3 is substituted in eq 1, an expression fo 
log K, is obtained: 


‘ Ninn 
log A pwH + log : 
aT | 
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he last term of eq 4 disappears at zero ionic 
rength. Consequently, —log A, is evaluated in 
he usual way by plotting the right side of eq 4, 
mputed with a reasonable estimate of the 
tivity coefficients, as a function of ionic strength 
nd extrapolating to infinite dilution where each 
ctivity coefficient becomes unity. 


1. Correction for Volatility of Ammonia 


The gas that surrounds the platinum electrodes 
of the cells is a mixture of hydrogen, ammonia, 
and water vapor, and its composition depends 
upon the temperature and composition of the 
Hence, 
--. the electromotive force of the cell when the 


solution with which it is in equilibrium. 


partial pressure of hydrogen is 760 mm Hg, is 
obtained from £’, the uncorrected electromotive 
force, by 
bP 2.3026 RT 760 
=’ + oF og P ae cee , 


where 7 is the total pressure, and Py o and pyyy are 
the partial pressures of water vapor and ammonia, 
respectively. 

Inasmuch as an error of | mm in the partial 
pressure of hydrogen changes F by less than 0.02 
mv, it is possible to use the vapor pressure of 
pure water at the appropriate temperature for 
Poo in eq 5, with a resultant error at 50° C of less 
than 0.05 my at an ionic strength of 0.5. Similar- 
lv, the partial pressure of ammonia is altered so 
slightly by the presence of ammonium chloride 
19, 20] that a negligible uncertainty is introduced 
in £. if pyy, is taken to be the partial pressure of 
ammonia vapor in equilibrium with a pure aqueous 
solution of the same ammonia concentration as 
that in the buffer solution in question. Henry's 
law, 


Prug kimxny, 6 


uppears to be valid for solutions of ammonia in 


water and in salt solutions of constant ionic 
strength, at least at ammonia concentrations of 
a few tenths of a mole per liter or below [19, 21, 
22, 23). The Henry’s law constant, k, for partial 
pressures in mm Hg, appears to be about 12.9 
to 13.4 at 25° C [19, 23]. The maximum correc- 
tion at 25° C, that for the most concentrated buffer 
The partial pres- 
sure of ammonia from aqueous solutions of molal- 





solution, amounts to 0.02 mv. 
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FIGURE 1 Cell vessel and extra saturator. 


ities exceeding 0.59 is given at several tempera- 
From the data for solu- 
1.18, the Henry’s- 
law constant is found to be 16.3 at 30°, 25.5 to 
26.2 at 40°, and 37.8 at 50°C. At 0°, it appears 
to be 3.8 to 4.0. 

No determination of the Henry’s-law constant 
for dilute ammonia solutions seems to have been 


tures by Sherwood [24]. 


tions in the range m=0.59 to m 


made at above 25° C. Conse- 


quently, the partial pressure of the gas in equilib- 


temperatures 


rium with a 0.16-m aqueous solution at 50° C 
was determined by measurement of the amount 
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a definite volume of 
The solution was contained in a satu- 
The satu- 
rator was attached by a standard-taper joint to an 


of ammonia removed by 
hydrogen. 
rator of the type shown at #, figure 1. 


absorption cell containing 0.01-M_ hydrochloric 
acid, which in turn led to a wet-test meter that 
registered the volume of hydrogen passed through 
the system. The absorber was designed with two 
three-way stopceocks to permit the flow of gas 
emerging from the saturator to bypass the acid 
solution until air had been swept out of the entire 
Then, bv a 
suitable adjustment of the stopcocks, the gas Was 


svstem and equilibrium attained. 


admitted to the absorption cell through a perfo- 
rated disk at the bottom. After passage of 0.6 
to 1.5 liters of hydrogen, at a rate of about 5 ml 
per minute, a sample of the acid solution was 
titrated with 0.008-M sodium hydroxide to the 
methyl-red endpoint. The accuracy of the method 
was ascertained by a control measurement of the 
partial pressure at 25°C. The result, 2.18 mm, 
compared favorably with 2.06 and 2.14 mm com- 
puted from published data [19, 23]. Duplicate 
gave 5.90 and 5.99 mm 
for the 0.16-m solution, or a value of 37.2 for &, 


measurements at 50° C 
the Henry’s-law constant at this temperature. 
This result can be compared with 37.8 derived 
from the measurements of Sherwood [24]. 


2. Correction for Solubility of Silver Chloride 


The molality of chloride ion at the silver-silver- 
chloride electrode is needed to calculate pwH by 


eq 1. Asa result of the appreciable solubility of 


silver chloride in the buffer solutions, this chloride- 
ion concentration is somewhat greater than m, 
the stoichiometric molality of ammonium chloride. 
Chloride ion and silver enter the solution, the 
latter principally in the form of the univalent 


diammine complex ion [25, 26): 


AvCl+2 NH,=Ag (NH,)2+CIr. 7) 


The equilibrium constant for reaction 7 is A,,/Ayz, 
where K,, is the solubility-product constant for 
silver chloride, and A; is the instability constant 
for the diammine silver ion. The correction for 
solubility is made by evaluating the true molality 
of chloride ion at the silver-chloride electrode for 
use in eq 1. A secondary effect, the potential 
gradient through the cell resulting from the small 
difference of composition between the solutions 
surrounding the two electrodes, is negligible. 
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The extent to which reaction 7 proceeds at 25° | 
is readily calculated from the known values 
K,, [27, 28] and A, [26, 29]. The increase 
chloride molality, Ame,, will equal the molality 
silver-ammonia complex at equilibrium: 


m—2AMc,)7f 
m+ Ame) f2 


AMci= Mag ixn,)? “9 
where f, is the activity coefficient of uncharge 

ammonia molecules and /, is the mean ionic actiy 
ity coefficient of silver-ammonia chloride. Ina 

much as Ame, is a correction that amounts to less 
than 0.5 percent of m for buffer solutions contain- 
ing ammonia and ammonium chloride at the same 
molality (m), where m does not exceed 0.1, it is 
evident that the actual value need not be estab- 
lished with great accuracy. 
20 percent in Amc, corresponds in the most un- 
favorable case (m=0.1, 20°C) to less than 0.03 
mv in the electromotive force. 
than the uncertainty in £° and the reproducibility 
of the experimental data. Hence, Ame, can be 
omitted from the right side of eq 8, Ss can be con- 
sidered to be unity, and f. set equal to the mean 


Indeed, an error of 


This error is less 


stoichiometric activity coefficient of hydrochlori 
16]. With 


acid, fac), at the concentration m [6, 
these simplifications, eq 8 becomes 


AMc, ~ (Kyy/AK7) (m/ fires), 


for the special case of equimolal buffer solutions 
and eq 1 can be written 


F(k—E 


2.3026R 


Ky p/ Ky) / fi, 
(10 


pwll 


J log m—-log [1 
] g 


At 25° C, the correction for solubility, represent: 
by the last term of eq 10, contributes 0.0020 to 
pwH for m=0.1 and 0.0015 for m=0.01. Thus 
the percentage increase in chloride concentration 
resulting from solution of silver chloride in tly 
buffer solutions is practically independent of 
provided that the ammonia and ammonium chlo: 
It should | 
remembered that the decrease in ammonia co 
centration resulting from the formation of comple 


ide are present at equal molalities. 


ion according to reaction 7 is confined to the vici 
itv of the silver-silver-chloride electrode at 
consequently, does not influence the activity 
hydronium ion at the hydrogen electrode. 

For temperatures other than 25° C, A, w 
taken from the paper of Owen and Brinkley [2 
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heir equation for the variation with temperature 
( the logarithm of the solubility-product constant 
and 45° C was used to calculate the 
C as well as for the inter- 


tween 5 
mstant for 0° and 50 
ediate temperatures. By assuming that the 

at of formation of the diammine complex from sil- 
ver ion and ammonia is constant over the range 


0° to 50° C and equal to —13.2 keal, as found by 


Berthelot and Delépine [30], A; can be calculated 
at the other temperatures from its value at 25° C. 
This procedure is justified by the low degree of 


precision required. The values of A,,/A;, ob- 
tained in this manner are given in the last column 
of table 1 


3. Correction for Hydrolysis 


The base strength of ammonia exceeds the acid 
strength of ammonium ion. Consequently, these 
two constituents of equimolal buffer solutions will 
react with the amphoteric water solvent to differ- 
ent extents, with the net result that a part of the 
ammonia is converted into ammonium ion: 


NH, H,.O=NH;+OH-. (11) 
The concentration of hydroxide ion at equilib- 
rium evidently indicates the extent to which 
reaction 11 takes place, that is, the number of 
moles of ammonium ion formed at the expense of an 
equal amount of ammonia. Hydrolysis is greatest 
at the highest temperature. However, the cor- 
rection to log K, is only 0.0024 in the most unfavor- 
The molality of hydroxide ion is 
readily obtained by the approximation [31] 


able case. 


log Mon * log kK, * pwH, (12 


where ins represents the ionization constant of 
water [6]. If m is the stoichiometric molality of 
ammonia and of ammonium chloride, the second 
term on the right of eq 4 is given by 

Myu, mM+Mon 


™Mnn, m Mou 


4. The Extrapolation 


When this electromotive-force method is ap- 
plied to a determination of the dissociation con- 
stant of an uncharged monobasic acid [3], the term 
containing activity coefficients is nearly zero in 
dilute solutions. When the acid is a univalent 


Dissociation Constant of Ammonia 


cation such as ammonium, however, this is not 
the case. The last term of eq 4 is approximately 
twice the common logarithm of the mean activity 
coefficient of ammonium chloride, or about 

0.08 for m=0.005 at 0° C [32]. Unfortunately, 
the activity coefficient of ammonium chloride in 
these buffer solutions has not been determined. 
In order to evaluate log K,, therefore, the activity- 
coefficient term in the experimental range of con- 
centrations must be expressed as some function 
of ionic strength, so that an accurate extrapola- 
tion can be made to zero ionic strength. The 
two-parameter equation of Hiickel [33] was found 
This same 
equation successfully represents the correspond- 


to be well suited to this purpose. 


ing activity-coefficient terms in buffer systems of 
acid anions. 

If each ionic activ itv coefficient is expressed by 
the Hiickel equation, the last term of eq 4 becomes 
hens fo - Ae 


2A 
a i4 


log 


I Hy t Ba* yp 


where A and B are constants at a particular tem- 
* and 8 are 
adjustable parameters, and yu, the ionic strength, 
is, for the purpose at hand, negligibly different 
from the molality of ammonium chloride. This 
difference was less than 0.6 percent in all cases. 


perature in the water medium [34], a 


The complete equation can now be written in a 
form for extrapolation by making the appropriate 
substitutions in eq 4: 

log Ky log AK, —8 m=pwH+ 
2Aym 


m+ Morn 
l - Ba*~m 


le mw” LS 
m—Morn 


The a* parameter governs the curvature of the 
extrapolation plots. When too large a value of 
a* is used, a plot of the right side of eq 15 with 
respect to m is concave downward; if a* is too 
small, the curves are concave upward. A value 
of 2.0 at each temperature was found to yield 
straight lines that could be extended with little 
uncertainty to zero concentration, as shown in 
figure 2. The slopes of these lines are —8. From 
the measured slopes, 8 was found to have the 
following values, for a*=2.0: 0.22 at 0°, 0.27 at 
5°, 0.28 at 10° to 40°, inclusive, 0.30 at 45°, and 
0.31 at 50° C, 
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Figure 2. Plot of —log 48 the right side of eq 15. as] 


a function of m at 0°, 25°, and 50° C. 


III. Experimental Details 


From an experimental point of view, it is not 
sufficient that corrections be made for hydrolysis, 
for the solubility of silver chloride, and for the 
If the cells are to 
maintain constant values for periods of 2 to 3 
days, two precautions must be observed. First, 
silver ion must be prevented from reaching the 
hydrogen electrodes and ammonia from diffusing 
in the opposite direction to equalize the small 


partial pressure of ammonia. 


difference in concentration between the two elec- 
trode solutions. Secondly, removal of ammonia 
by the bubbling hydrogen must be eliminated, 
Both of these difficulties 
were surmounted by use of the cell shown in 
figure 1. The solution in the vicinity of the 
hvdrogen-electrode compartment, a, is separated 


insofar as possible. 


from that in the silver-silver chloride electrode 
having a 

Part B 
is a triple saturator containing some of the same 
In it the hydrogen 
sufficient ammonia 
and water vapor to preclude a change in com- 


compartment, b, by a stopcock (c) 


bore approximately 4 mm in diameter. 


buffer solution as the cell. 
gas becomes charged with 
position of the solution in the hydrogen-clectrode 
compartment. Part B is attached to part <A 
at the standard-taper joint at the left of the figure. 
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The intermediate stopcock, open only at t.. 
time of measurement, appeared to be essential ‘o 
constancy of electromotive force. Three celis, 
two with separation of the electrode compartmen {s 
and one without, were filled with an equimola! 
buffer solution of 0.05-m ammonium chloride and 
0.05-m ammonia. All three were provided with 
the extra saturator. Over a period of 48 hr, the 
electromotive force of the cells with stopeocks 
dropped by 0.14 and 0.05 mv, whereas that of thie 
one without a stopcock fell 1 mv, in spite of thy 
fact that a gray cast on the edges of the platinum 
This result 
was surprising in view of the small effect that 


electrodes was scarcely perceptible. 


visible deposits of silver have been found to exert 
on the potentials of hydrogen electrodes in certain 
basic buffer solutions. 

Solutions of ammonia, about 0.1—./, were pre- 
pared in paraffin-lined flasks by absorption of 
ammonia gas in conductivity water from which 
dissolved oxygen had previously been removed by 
passage of a stream of nitrogen. A stream of 
nitrogen gas was also used to remove ammonia 
from a concentrated chemically pure solution 
contained in a gas-washing bottle, and to conduct 
it into the flask of water. 
ammonia was determined by weight titration, for 
which a 0.1 AM solution of distilled hydrochlori 
by gravimetric determina- 


The concentration of 


acid, standardized 
tion of its chloride concentration, was used, with 
Although the 


change was quite sharp, a color standard com- 


methyl red as indicator. color 


posed of ammonium chloride solution and indica- 
The titra- 


tions were performed by addition of the ammonia 


tor aided in establishing the endpoint. 


solution to the standard solution of hydrochlori: 
acid. Sufficient ammonium chloride to 
equal the molality of the ammonia was added to 
this stock Ammonium chloride o! 
reagent grade was purified by a single reerysta! 
lization from water. It was dried at 110° C an 
analyzed by gravimetric determination of chlorid: 
Three analyses gave a result of 100.0340. 


pure 


solution. 


percent, 

In order to avoid loss of ammonia and at t! 
same time exclude atmospheric oxygen and ca 
bon dioxide, the buffer solutions were prepared 
the following manner. The proper quantity 
pure water was placed in the weighed soluti 
flasks and nitrogen passed through for 2 hr 
remove oxygen. The flasks were weighed aga! 
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the stock solution added with the aid of a modi- 
ication of the apparatus described by Bates and 
\eree [35], and a final weight obtained. Inas- 
nuch as the solution flasks were already filled 
with nitrogen, however, it was considered un- 
necessary to risk loss of ammonia by passing 
nitrogen into them during addition of the stock 
solution. ‘“High-vacuum”’ silicone lubricant ap- 
peared to be little affected by the buffer solutions, 
and a thin film of it was used to lubricate the stop- 
cocks in the cells and solution flasks. 

About 6 hr was allowed for the cells to attain 
their initial equilibrium values of electromotive 
force at 25° C, although no more than 4 hr was 
isually necessary. The temperature was lowered 
to near O° overnight. Measurements at 0° to 


25° were made on the second day and at 25° to 


50° on the third day, when final values at 25° 
were also obtained. A comparison of the four 
cleetromotive-foree values for each cell at 25° C 
revealed a slow decrease in potential, roughly 
linear with time, during the 48-hr course of the 
experiments. Most of the results obtained near 
the end of the series, that is, at 25° to 50°, were 
nereased by small amounts in order to compen- 
saute for this slow change. No change was made 
in the data for three cells, twelve were increased 
by 0.04 to 0.10 my, and three by 0.10 to 0.15 my. 
The electromotive force of the cell containing the 
most dilute solution (0.008569 m) decreased 
abnormally, and 0.23 and 0.40 my were added to 
the low- and high-temperature data, respectively, 
for this cell. 


IV. Results 


The corrected electromotive-force data for each 
solution over the range 0° to 50° C were fitted to 


the quadratie equation, 
EK E. -—a (t{—25) 6 (t—25)?, (16 


by the graphical method described by Harned 
and Nims [36]. The constants of eq 16 are given 
in table 2. The average differences between the 
“observed” electromotive force at the 11 tempera- 
tures and that calculated by eq 16 are given in 
the last column. It is apparent from the figures 
in the next to the last column that there is no 
significant trend of the constant 6 with change of 
m. If the mean value of 6, 3.110°°, were 
chosen for the computation of /, for each solution 
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829788—49 2 


by eq 16, a maximum error of 0.09 my, at the 
extreme temperatures of 0° and 50° C., would be 
introduced. 


TABLE 2 Electromotive force of the cell: Pt: H., NH m), 
NH,CI (m), AgCl, Ag: constants of eq 16 
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The mean values of log K, derived by the 
methods described in the foregoing section are 
listed in table 3. These were obtained by averag- 
ing the results from the measurement of each 
individual solution by the equation 


log A,=—log K’,+ Bm, (15a 


where —log AK’, represents the numerical value of 
the right side of eq 15 when a*=2. The values 
of 8 have been given in the previous section 
The basic dissociation constant of ammonia, A), 
is the equilibrium constant for reaction 11. The 
constant A), is evidently K,/A,. Hence, 


log A,=log A,—log Ae. (17) 


Values of log Kk, computed from log K, and 
log K,,{6] are given in the next to the last column 
of table 3. The third and last columns list A, 
and K,, respectively. 

By another electromotive-force method, Everett 
and Wynne-Jones [9] found 9.215 for —log A, at 
25° C. This result is appreciably lower than 
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TABLE 3. 
K,, and the basic dissociation constant of ammonia, Ky 


Acidic dissociation constant of ammonium ion, 


t —log K, K,xw log Ky KeX10! 
Cc 

0 10. 0813-40. HOOg 0. 829 4.862 1.37 
f 9. 940-0. 0010 1. 247 4.50 1. 48 
Ww 9. 7306-0. 0010 1s) 13M 1. 57 
is 0. 4140. 0011 2. 73 4.782 1.65 
a» 9. 400240. 0007 +. Os 4, 767 1.71 
25 4. 2449-0 OO10 5.69 4.741 | ry 
w ¥ 0926-0. 0012 &. US 4.740 1.82 
$5 & 0466.20. 0009 11.31 4.733 1.85 
“0 S. SOT 40. 0007 15. 6S 4.730 ls 
45 &. 6700-40. 000s 21.4 4.726 1. ss 
™ & AOA7+0. OO11 2.9 4.7233 18u 


9.244, recorded in table 3. Hence, their value of 
Ky, 1.65 107-5, is also lower than that (1.77 107%) 
found in this investigation. Owen’s determination 
with the silver-silver-iodide electrode [4] gave 
1.7510-°. This corresponds to 9.239 for —log 
K,. In earlier work, Harned and Owen [1] caleu- 
lated 1.79107 for A, from electromotive-force 
measurements of unbuffered cells [37]. The 
medium effect amounted, however, to about 20 
percent of AK,, and some uncertainty was intro- 
duced in correcting for it. Determinations of A, 
by the conductance method display a somewhat 
greater uniformity than do the electromotive- 
force studies, namely, 1.81><10~° (Kanolt, 1907 
[38}), 1.8710°° (Lundén, 1907 [39], 1.81K10~° 
(interpolated; Noyes, Kato, and Sosman, 1910 
[40]), and 1.82X10°° (Lewis and Schutz, 1934 
[41}), all at 25° C. 


V. Thermodynamic Functions for the Dis- 
sociation of Ammonia and Ammonium 
Ion 


Everett and Wynne-Jones [9] were able to rep- 
resent their values of —log A, from 5° to 45° C by 
the simple equation 

a 
log A,= rt B, (18) 
where 7 is temperature in °K and A and B are, 
respectively, 2,706 and 0.139. The general equa- 
tion, of which eq 18 is a special case, can be 
written 


—In K=7p4+ B=") In 7, (19) 
or 

—log K,= ot -C log T, (19a) 
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where AC,, the change of heat capacity for tie 
given process, is assumed to be a constant over 
the temperature range in question [10, 42]. For 
the dissociation of ammonium ion, these authors 
found AC, to be zero. Equation 18 can also he 
regarded as a special case of the equation 


log K.= p+ B+ CT, (20) 
which is of the form suggested by Harned and 
Robinson [43]. By application of the usual ther- 
modynamic formulas, it becomes evident that eq 
20 requires AC, for the dissociation process to be 
directly proportional to 7, rather than a constant 

The discovery that AC, for the dissociation of 
ammonium ion is zero Was not surprising, in view 
of the isoelectric character of process 2. Nor 
would it have been surprising if AC, for the disso- 
ciation of other hydrogen acids with a single posi- 
This expectation has 
not been fulfilled, however, for studies of the 
mono-, di-, and trimethylammonium ions have 
yielded rather large positive values of AC, [10, 11]. 

The proper equation for the calculation of the 
thermodynamic functions must be presumed to 
be the equation that best represents the individual 
K, values. Unfortunately, the range of temper- 
atures over which measurements are made rarely 
exceeds 60° C, and experimental errors usually 
preclude an accuracy greater than +0.002 in 

log A. Hence, it is sometimes found that each 
of two equations representing two different means 
of smoothing the experimental results reproduces 
the data equally well. In such a case, there is no 
way to choose between two different values of the 
temperature coefficient of log A, and, hence, be- 
tween different values of the heat content and 
The differ- 
ences in the second derivative, upon which AC, 
depends, will be still larger. 

The values of —log A, given in table 3 can bx 
represented either by eq 18 or by eq 20 with a 
mean deviation of 0.0011. The constants of these 
equations were obtained by the method of least 
squares and are given in table 4. Harned and 
Owen [6, 44] examined four determinations of tl: 
ionization constant of water aad found that —log 
K, between 0° and 60° C 


tive charge were also zero. 


entropy changes for the dissociation. 


can be expressed |) 


4470.99 


—log Ky= 7 —6.0875+0.0170607, (2 
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ith an average deviation of 0.0005. As eq 17 
idicates, an expression for —log A, is found by 


ibtracting eq 18 from eq 21. The resulting 


Thermodynamic functions for the acidic dissocia- 
tion of ammonium ion: NH{=NH3+H+t 


TABLE 5. 








quation, the constants of which are also given Equation are aH as* ace 
, table 4, is in the form of eq 20. 
oc 
lance 4. Change of K, and Ky with temperature: constants 
7 > abs j deg-' | abs j deg 
of eq 18 and 20 | abs j mole~! abs j mole- mole mole~* 
} 18 52, 725 —1. 86 0 
a 52,7 7 —13 
‘ R , ) . 733 0. 70 | 1 
} 
- ] 
Ka, eq 1S 2727. 42 0. 0973 wdlies | 
Ke, eq BW 2835. 76 —, 6322 0. 001225 
Ko, eq 20 1743. 57 —6. 1548 . 017060 18 52.771 ~1. 86 0 
| 20... 2, 76 —1.87 4 
The thermodynamic functions for the two dis- 50° ¢ 
sociations (processes 2 and 11) in the hypothetical 
standard state of unit activity are computed by 18 62, 818 52, 216 ~1. 86 0 
j J 52, 827 51, —3. 06 —15 
the equations “ — . ' 
AF®° =2.3026R(A+ BT+ CT?) (22) ™ ~ * ; 
TasLe 6. Thermodynamic quantities for the acidic dis- 
ce sociation of ammonium ion at 25° C compared with the 
AH? =2.3026R(A— CT"), (23) en 
results of Everett and Wynne-Jones 
AS° = 2.3026R(— B—2CT), (24) 
Al SH ase | Ace 
] 
AC, =2.3026R(—2CT), (25) 
cal deg! | cal deg™ 
Everett and Wynne-Jones | cal mole al mole- mole~* mole! 
where AF® is the standard free-energy change, [10}...-. 12, 2 12, 400 0. 54 0 
7 This investigation 12, 611 12, 478 —.45 0; —3 


Al7° the standard heat-content change, AS®° the 
standard entropy change, and AC) the standard 
change of heat capacity. When these formulas 
are used with the constants of eq 18, the terms 
containing C' are omitted. 

The four thermodynamic quantities for the 


- 


acidic dissociation of ammonium ion at 0°, 25 
and 50° C are given in table 5. Two sets of 
values, computed from the constants of eq 18 and 
20), respectively, are included. At 0° and 50°C, the 
extremes of the experimental range, the uncertain- 
ty in AH, AS®°, and AC, is large, as the differ- 
ences between the two methods of computation 
In the center of the experimental range, 
however, the temperature coefficient is established 
with much greater certainty, and only the values 
of AC, differ appreciably at 25° C. The differ- 
ences at 0° and 50° C serve as a warning against 
placing undue reliance on the temperature co- 
efficient at the extremes of the temperature span. 
It is thought that A//7° is accurate within 300 j 
mole' at 25° C and that the uncertainty in 
AS® is less than 1 j deg! mole™'. For comparison 
with the results obtained by Everett and Wynne- 


indicate. 
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TABLE 7. Thermodynamic functions for the basic dissocia- 
tion of ammonia: NH;+H,0=NH¥+0OH- 


t Al AH As* AC 


abs j deg 


ahs j deg-' 


« ahs j mole ahs j mole mole~* | mole 
0 25, 407 9, 010 —.0 178 
25 27,111 4,345 76.4 195 
WH 29, 225 728 92.7 211 


Jones [9, 10], the thermodynamic quantities in 
joules were converted to numbers of calories by 
dividing by 4.1840. Table 6 demonstrates the 
essential agreement between the two investiga- 
tions. Only in the case of AF° are the differences 
as large as the combined errors of the two de- 
terminations. 

The thermodynamic constants for the basic 
dissociation of ammonia are given in table 7. 
The value of A/7° (1,040 cal mole) can be com- 
pared with 855 cal given by Thomsen [45], with 
$35 cal found by Muller and Bauer [46], and 
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with 1,157 cal computed by Lundén [39] from his 
values of K, obtained by the conductance method. 


VI. Activity Coefficients 


It is evident from eq 4 that the activity-coefli- 
cient term fra,tfer (@e/fxu,) can be obtained from 
the experimental data when A, is known. This 
is probably accomplished most conveniently by 
eq 14. The first part of this term, /xu,+Ser is 
the square of the mean ionic activity coefficient, 
f., of ammonium chloride in the mixtures con- 
taining equal molalities of ammonia and ammoni- 
um chloride, and the part enclosed in parentheses 
is the ratio of the activity of water to the activity 
coefficient of the uncharged ammonia molecules. 
that fxn,*, 


It must be remembered, however, 


Jxu,, and a, in eq 14 relate to the solution at the 
hydrogen electrode where the activity of hydrogen 
ion, Which they influence according to eq 3, exerts 
its effect upon the potential of the cell. Yet fe,, 
as already indicated, is the activity coefficient of 
chloride ion in the solution immediately surround- 
electrode, where 
Hence, eq 14 


ing the silver-silver chloride 
chloride exerts its primary effect. 
should most properly be separated into two parts 
or, for small differences of composition, mean 
values of uw and u' * used in the equation as written. 

The differences of composition diminish as the 
ionic strength of the equimolal buffer solutions 
becomes smaller. For this reason it was permis- 
sible, for purposes of extrapolation, to substitute 
m for wu (eq 15). The ionic strength at the hydro- 
Mow and at the silver-silver 
chloride electrode m-—>-moyw+ Ame). The _ differ- 
ence, Ame), is greatest for the most concentrated 
buffer solution (0.10773 m) and at 0° C. If m 
were used in place of the average uw to calculate 
log (fuus fer a tau for this most unfavorable 
This 
figure corresponds to 0.03 mv, or less than the 
experimental error. Hence the use of m in place of 
ionic strength to compute activity coefficients in 


gen electrode is mm 


case, an error of only 0.0004 would result. 


the range 0 to 0.1 m involves no compromise of 


accuracy. Inasmuch as a* is 2.0 at each tempera- 


ture, eq 14 can be rewritten 


-Aym = an’ 
112 Bvn +0.5 Bm. (26) 
+2 Bym 


log (fs Vay fu ,/ 


Table 8 gives this activity-coefficient term in six 
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Taste 8 Values of f4 V4 Ixny im SIT buffer sol 


containing equal molalities of ammonia and ammo 


chloride 


Molality of ammonia and ammonium chloride 


0.005 oO. oO. O05 oo; 0.1 
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buffer solutions containing equal molalities (» 
of ammonia and ammonium chloride at 0 
50° C. These values were computed by eq 26 

Matthews and Davies [20] determined th 
activity coefficient of ammonia in solutions con- 





Th 
col 
so] 


taining ammonium chloride by measurement o! 
the distribution of ammonia between water and 
chloroform at 25° C. From their data it is possih) 


to calculate y fxn, in two equimolal buffer solutions 


For 0.02 m, yfxu, is 0.999, and for 0.2 m, 1.007 
Inasmuch as the change of the activity coefficien! 
with change of m is so small, y/xu, can doubtless 
be estimated in the range of molality 0 to 0.) 
with an error no greater than +0.002. The limit- 
ing value at m=0 is, of course, unity. 

Stokes [47] has calculated the activity of wat 
in solutions of potassium chloride from the elec- 
tromotive-force data of Harned and Cook |4s 
For molalities of potassium chloride from 0 t 
0.2, —log ya, is 0.0072 m. The nonelectrolyt: 
ammonia, is presumed to have a much smaller 
effect on the activity of water in these butler 
than ionized 
chloride. Furthermore, the water 
parts so slightly from unity that it can be cor 


solutions does the ammoniul! 


activity « 


sidered, for the purpose at hand, equal to that 
a solution of potassium chloride of the sa 
molality. The values of ya, Seu, given in . 
second column of table 9 were accordingly ev: n 
ated from the activity coefficient of ammo) a i 
found by Matthews and Davies and from I 
activity of water in solutions of potassium chlor 
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riven by Stokes. The mean ionic activity 
ficient of ammonium chloride in these equi- 


derived from 


lal buffer solutions at 25° C, 


ad. fxn, and the data of table 8, is given in the 
d column. 
The activity coefficients of ammonium chloride 
is pure aqueous solution at the freezing point 
ere determined by Seatchard and Prentiss [32]. 
In order to make a comparison at 25° C, these 
values have been corrected from 0° to 25°. It 
was assumed for the computation that Z,, the 
relative partial molal heat content of ammonium 
chloride, is constant for each concentration in this 
range of temperature and equal to that listed in 
the last column of table 9 [6, 49]. Inasmuch as 
log (ye fxu,) is so nearly zero, d log (y¥ Qe frn,) dT 


is probably also small and, hence, as an approxi- 


[, ~ 4.6052 RT? “ Ss = ‘| (27) 


The values of Z,, the relative partial molal heat 
chloride in’ the buffer 
and are listed 


mation, 


content of ammonium 


solutions, were computed by eq 27 
in the fifth column of table 9. 


Paste 9 Vean ionic activity coefficient, f+, and relative 
partial molal heat content Le, of ammonium chloride in 
equimolal buffer solutions compared with corresponding 


ralues in pure aqueous solutions of the salt at 25° C 


fe L. In 
\a t 

Buffer Water Buffer Wate 
al cal 
a in) O. W2h 0. 4S 44 42 
(ml Sus ved an “ 
LD sod 41 sy 72 
1 GUS Alo TM 13s us 
ry “7 TSA 1 lo 
"0 TH ; 179 121 


The difference between Z, for ammonium 
chloride in water and in an aqueous solution of 
wimmonia are not large. The activity coefficient 
in the buffer solution appears to be somewhat 


This 


difference, except for the part that can be attrib- 


greater than in the pure aqueous solution. 


uted to errors in the two determinations, Is a 
ineasure of the medium effect of ammonia upon 
chloride 


the activity coefficient of ammonium 


However, the observed increase at O.1 m is about 
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three times as great as the medium effect of 0.1—\/ 
acetic acid upon the activity coefficient of 0.1-A 
hydrochloric acid [50]. 


VII. References 


{1] H. S. Harned and B. B. Owen, J. Am. Chem. Soc. 52, 
5079 (1930). 

{2} k. J. Roberts, J. Am. Chem. Soc. 52, 3877 (1930). 

[3] H.S. Harned and R. W. Ehlers, J. Am. Chem. Soc. 54, 
1350 (1932). 

[4] B. B. Owen, J. Am. Chem. Soc. 56, 2785 (1934 

[5] k. W. Kanning and A. F. Schmelzie, Proc. Indiana 
Acad. Sci. 51, 150 (1941). 

[6] H.S. Harned and B. B. Owen, The physical chemistry 
of electrolytic Reinhold Publishing 
Corporation, New York, N. Y., 1943). 

(7] H. S. Harned and B. B. Owen, J. Am. Chem. Soc. 52, 
5091 (1930 

[8] E. J. Roberts, J. Am. Chem. Soc. 56, 878 (1934 

{9} D. H. Everett and W. F. K. Wynne-Jones, Proc. Roy 
Soc. (London) 169A, 190 (1938). 

[10] D. H. Everett and W. F. K. Wynne-Jones, Trans 
Faraday Soc. 35, 1380 (1939). 

{11] D. H. Everett and W. F. K. Wynne-Jones, Proc Roy 
Soc. (London) 1774, 499 (1941 

{12} Kk. J. Pedersen, Kgl. Danske videnskab. selskab., 
Math.-fys. Medd. 14, No. 9 (1937). 

[13] K. J. Pedersen, Kgl. Danske videnskab. selskab., 
Math.-fvs. Medd. 15, No. 3 (1937). 

[14] R. G. Bates, Chem. Rev. 42, 1 (1948). 

{15]) J. W. DuMond and EF. R. Cohen, Rev. Modern Phys 
20, 82 (1948). 

[16] H. S. Harned and R. W. Ehlers, J. Am. Chem. Soe 
55, 2179 (1933). 

[17] W. J. Hamer, J. O. Burton, and 8. F. 
search NBS 24, 269 (1940) RP1284 

[18] Announcement of changes in electrical and photo- 
metric units. NBS Cireular C459 (May 15, 1947 

[19] F. E. C. Scheffer and H. J. DeWijs, Rec. trav. chim 
44, 655 (1925). 
{20} H. E. Matthews and C. W 
1435 (1933). 
1] FE. Klarmann, Z. anorg. Chem. 132, 289 (1924 

2| M. Randall and C. F. Failev, Chem. Rev. 4, 271 ( 1927 

(23) G. N 
the free energy of chemical substances, p. 558 
MeGraw-Hill Book Co., Ine., New York, N. \¥ 
1923 

rr. K. Sherwood, Ind. Eng. Chem. 17, 745 (1925 


5) J. Bjerrum, Metal ammine formation in aqueous 


solutions 


Acree, J. Re- 


Davies, J. Chem. Soe., 


Lewis and M. Randall, Thermodynamics and 





solutions, p. 133 (P. Haase and Son, Copenhagen, 
1941). 

[26] W. ¢ Vosburgh and R. S. MeClure, J. Am. Chem 
Soc. 65, 1060 (1943 

[27) A. S. Brown and D. A. Maclnnes, J. Am. Chem, Soc 
57, 459 (1935 

28] B. B. Owen and 8S. R. Brinklev, Jr., J. Am. Chem. Soc 


60, 2233 | 1938 


429 











(29) P. F. Derr, R. M. Stockdale, and W. C. Vosburgh, 
J. Am. Chem. Soe. 63, 2670 (1941). 

(30) M. Berthelot and M. Delépine, Compt. rend. 129, 
326 (1899). 

[31] R. G. Bates, G. L. Siegel, and S. F 
NBS 31, 205 (1943) RP1559. 

[32] G. Seatchard and 8. S. Prentiss, J. Am. Chem. Soe. 
54, 2696 (1932). 

[33] E. Hiickel, Physik. Z. 26, 93 (1925). 

[34] G. G. Manov, R. G. Bates, W. J. Hamer, and 8S. F. 
Acree, J. Am. Chem. Soc. 65, 1765 (1943). 

[35] R. G. Bates and 8. F. Acree, J. Research NBS 30, 
129 (1943) RP1524 

[36] H. S. Harned and L. F. Nims, J. Am. Chem. Soc. 54, 
423 (1932). 

(37) H. S. Harned and R. A. Robinson, J. Am. Chem. Soc. 
50, 3157 (1928). 

[38] C. W. Kanolt, J. Am. Chem. Soc. 29, 1402 (1907). 

[39] H. Lundén, J. chim. phys. 5, 574 (1907). 


Acree, J. Research 








[40] A. A. Noyes, Y. Kato, and R. B. Sosman, Z. phy 
Chem. 73, 1 (1910). 

[41] G. N. Lewis and P. W. Schutz, J. Am. Chem. Soe. 56, 
1913 (1934). 

[42] K. 8S. Pitzer, J. Am. Chem. Soc. 59, 2365 (1937 

[43] H. 8S. Harned and R. A. Robinson, Trans. Faraday 
Soe. 36, 973 (1940). 

[44] H. S. Harned, J. Franklin Inst. 225, 623 (1938 

[45] J. Thomsen, Thermochemische Untersuchungen (J. A 
Barth, Leipzig, 1882). 

[46] P. T. Muller and FE. Bauer, J. chim. phys. 2, 457 (1904 

[47] R. H. Stokes, J. Am. Chem. Soc. 67, 1686 (1945 

[48] H. 8S. Harned and M. A. Cook, J. Am. Chem. Soc 
59, 1290 (1937). 

[49] H. Streeck, Z. physik. Chem. 169A, 103 (1934 

[50] B. B. Owen, J. Am. Chem. Soc. 54, 1758 (1932). 


WasaineoTon, February 1, 1949. 


Journal of Research 











|. S. Department of Commerce 
National Bureau of Standards 


Research Paper RP1983 
Volume 42, May 1949 


Part of the Journal of Research of the National Bureau of Standards 





Concrete as a Protective Barrier for Gamma Rays 
from Radium 
By Harold O. Wyckoff and Robert J. Kennedy 


Several papers [1, 2, 3] ? and Handbooks [4, 5] have been published during the past 20 


years dealing with barrier requirements for shielding against gamma radiation from radium. 


These publications have usually suggested lead for the barriers because a large proportion of 


the applications required restricted space and ready transportability of the barrier and 


gamma-ray source. For high-energy X-ray installations, it is often more economical to use 


concrete barriers. It has been suggested that concrete might also be useful for shielding in 


gamma-ray installations if attenuation curves were available. The present paper presents 


this required information for radium. 


I. Introduction 


Gamma rays are attenuated by photoelectric 
absorption, Compton absorption and scattering, 
and pair production. In the energy range con- 
sidered here (less than 3 million electron volts), the 
photoelectric, Compton absorption, and pair- 
production phenomena may be considered to pro- 
duce true absorption of the photons, inasmuch as 
the high-speed electrons so produced in the barrier 
have a small probability of reradiating. At a point 
whose distance from the far side of the barrier is 
small compared to the dimension of the irradiated 
area, there will be an appreciable number of pho- 
tons scattered from the barrier. However, if a 
point is chosen far enough from the barrier as 
compared to the irradiated dimensions, there will 
be an inappreciable number of such scattered pho- 
tons measured at the point in question. As a 
result of this apparent variation of attenuation, 
one may describe two limiting barrier require- 
ments. They are often spoken of as narrow- and 
broad-beam conditions where the terms indicate 
the relative angle subtended at the chamber by 
the irradiated area. Further discussion of these 
cases is contained in a previous publication [7]. 

Another effect of scattered radiation, previously 
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discussed by Failla [6], may also be observed for 
broad-beam measurements. Since each Compton 
process produces a photon of lower energy, and 
since the air ionization chamber reading is propor- 
tional to the photon energy and to the true absorp- 
tion coefficient in air, it is evident that the scat- 
tered photon will produce a smaller effect in the 
ionization chamber than its parent, provided the 
true air absorption is approximately independent 
of energy. Although this coefficient is approxi- 
mately constant for energies between 70 and 3,000 
electron kilovolts, it increases rapidly as the energy 
is reduced below 70 kiloelectron volts. It is thus 
possible for scattered photons of energy below 70 
kiloelectron volts to produce a larger effect in the 
chamber than their parents. Photons of energy 
below 70 kiloelectron volts are readily absorbed 
photoelectrically by high atomic number ab- 
sorbers, such as lead, so this effect cannot be ob- 
served for the high atomic number absorbers but 
can be observed in materials such as concrete. The 
effect is observed in concrete as a slight increase in 
the dosage rate for small absorber thicknesses |7] 


II. Experimental Arrangement 


A Bakelite-walled air-filled ionization chamber 
with an FP54 electrometer was used for the 
measurements. The FP54 was used as a null 
instrument by opposing the voltage drop across 
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the grid resistor with a known potential from a 
potentiometer. 

The absolute calibration of the dosage-measur- 
ing system was determined by an auxiliary ex- 
A known radium source and_ the 
measuring system —fixed relative to each other 
were varied in elevation above the floor within a 
60-foot-high room. The lateral position of the 
scattering objects in the room were of the order of 
five times farther from the source than the 
Figure 1 shows the relative 


periment, 


measuring system. 
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Figtre | Calibration curve of dosage measuring system. 


A small radium source and the ionization chamber—fixed relative to 
each other-were moved vertically in a large room where the floor was 
the principal scattering object. The abscissa gives the distance of the source 

chamber combination above the floor and the ordinate gives the corresponding 
relative dosage rates. The horizontal position of the curve is interpreted a 
ndicating that the scattering from the floor has become negligible 


ionization obtained as a function of the distance 
of the system from the floor. The horizontal 
portion of the curve indicates that the scattering 
from the floor is producing a negligible portion of 
A calibra- 
tion of the measuring equipment under these con- 


the ionization current in the chamber. 


ditions was thus obtained from the grid voltage, 
the distance between the source and the chamber, 
the amount of radium in the source, the emission 
constant for radium, and the air-wall correction 
iS). The ealibration so obtained agreed to within 
1 percent with that caleulated from the mass of air 
in the chamber and the value of the electrometer 
grid resistor. Such accuracy was assumed to be 
adequate for the present experiment. 

For the attenuation experiments, the ionization 
chamber and electrometer tube were placed inside 
a concrete-lined pit 6 feet square by 10 feet deep, 
previously described for similar X-ray experiments 
(7). The chamber could be moved vertically and 
in ares about one corner of the pit by remote con- 
trol. The grid resistor could be selected from a 
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remote position and the potential across the gri 
resistor determined by remote indicators. Th 
value of the grid resistor and grid voltage, togethe 
with the known calibration of the instrument! 
permitted the computation of the dosage rat 
obtained at the position of the chamber. Tl» 
source was suspended at various positions vei 
tically above the center of the open end of the pit 

Two experimental conditions were used to ob 
tain the narrow- and broad-beam attenuatio: 
curves. For broad-beam conditions the absorbers 
were placed on top of the open end of the pit. The 
concrete samples consisted of slabs approximate! 
8 feet square by 6 inches thick. These gave a | 
foot overlap over the whole lip of the pit. The 
individual lead absorbers were 2 feet by 8 feet by 
inch. Each ‘inch thick layer covered the 
whole pit with an overlap of at least 4 inch at the 
lead joints. Lap joints were staggered in adjacent 
layers so that none of the joints were closer than 
9% inches to a line through the chamber and source 
The lead sheets, being quite flexible, required 
additional support, which was provided by placing 
plyboard over the pit to reduce the aperture. An 
unsupported area of lead, 3 feet square, was thus 
obtained in the center of the pit opening. 

For narrow-beam conditions, the source was 
placed inside of a lead shield having a 1-inch 
diameter diaphragm. Small-diameter absorbers 
were then placed immediately below this dia- 
phragm, which was about 11 feet from the top of 
the pit. The maximum irradiated area of the 
absorber was not more than 2‘ inches in diamete! 


III. Results 


Attenuation curves were obtained with the 
chamber directly below the source and 7.5 inches 
below the lip of the pit. In order to determin 
the effect of pit-wall scattering on the ionization 
chamber readings, measurements made with no 
absorber over the pit were compared with thos: 
obtained in the scatter-free auxiliary «experimen! 
The pit measurements were approximately 6 pe! 
cent larger than those obtained for the auxiliary 
experiment. As the pit walls were the neares 
scattering objects, it was assumed that they con 
tributed the major portion of the 6 percent. A 
dosage measurements reported in this paper fo 
broad-beam measurements have therefore be: 
corrected by this 6 percent to compensate for th 
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ttering from the pit walls. As will be shown 
er, this scattering is not independent of the 
sition of the chamber in the pit. 

Experimental data were first obtained for lead 
sorbers to compare with previously published 
ita of other workers. The results are shown in 
cure 2. The narrow-beam data reported here 
sree very well with that of Kaye but is about 20 
percent higher than that of Braestrup. The broad 
beam data reported here agree very well with those 
of Braestrup and, considering the spread of points, 
ure in adequate agreement with those of Kave. 
Phis agreement seems satisfactory, considering the 
difficulty of accurately transferring experimental 
points from small-scale published curves and the 
difficulty of minimizing the scattering for experi- 
mental arrangements other than those reported 
here. 

Figure 3 shows the broad-beam radiation attenu- 
ation in concrete of density 2.35 grams per cubic 
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Figure 3. Broad-beam attentuation in concrete of the 


gamma rays from radium, 


centimeter for the two sources. The smaller 
Although the 
large source was not certified, it is evident from 


source was certified as 0.0484 curie. 


the measurements that it was equivalent to 0.42 
curie. The distance between the source and cham- 
ber was actually 1 meter for both curves, but the 
inverse-square law was found to hold for both 
sources as the sources were raised from 1 to 3 
meters from the chamber. 
therefore be used for source-to-chamber distances 
of from 1 to 3 meters after making the proper 
As noted above, the 


These curves may 


inverse square correction. 
center of the chamber was 7% inches below the 
floor. From these curves it is seen that the first 
half-value layer is 3.5 inches, whereas subsequent 
half-value layers are 2.7 inches. 

The solid curves of figure 4 give the experimen- 
tally determined variation in dosage rate with 
distance between the chamber and barrier. All 
data have been computed back to a distance of 1 
meter between chamber and source by the inverse- 
square relation. If the inverse-square relation 
holds, all the curves on this graph should be hori- 
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Figure 4. Variation of dosage rate with distance between 


chamber and radium source. 


A correction has already been made for the inverse-square variation 


zontal lines. The curve for “no absorber’’ indi- 
cates that this relation holds for small distances. 
The upward trend at distances larger than about 
2 feet indicates that scattering from the walls of 
the pit is providing an additional contribution over 
and above the 6 percent, for which correction has 
already been made. The contribution of wall 
scattering for the no absorber curve amounts to 
about 8 percent of the direct beam at a distance 
of 70 inches below the lip of the pit. 

Since the gamma rays from radium are of rela- 
tively high energy and the scattering of such radia- 
tion should be principally forward, the increase 
in dosage rate for lower positions of the chamber 
Actually, the 
curves for the attenuated beams given in figure 4 


in the pit is therefore reasonable. 


do include some of the wall-scattered radiation. 
If the same percentage of wall scattering is assumed 
for the attenuated-radiation curves, the dotted 
However, the part of the 
primary beam producing the seattering must pass 


curves are obtained. 
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obliquely through the absorber and is thus atte 

uated to a greater extent than the normal bea: 

The amount of wall-scattered radiation reaching 
the chamber with an absorber over the pit should 
thus be reduced in the same proportion. The 
true curve (without wall scattering) should thus 
fall between the solid and dotted curves for thy 
attenuated beam. The downward slope of the 
resultant concrete and lead curves indicate that 
the scattered radiation from the absorber becomes 
less important as the distance from the absorber 
The more nearly horizontal curve for 
the lead absorbers indicates that the scattering in 
lead is much less important than in concrete. 
This is to be expected as the scattered radiation 


increases. 


may be more easily absorbed photoelectrically in 
lead than in concrete. 
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Figure 5 shows the narrow-beam attenuation 
lata for lead, lead glass (62% lead oxide), concrete, 
nd steel. 
he importance of photoelectric absorption in 


The curves are separated because of 


ad. Variations of photoelectric absorption with 
atomic number is shown to be small at least for 
between and The 
broad-beam-attentuation curves given here are 


the range concrete steel. 


thus applicable also for this range of atomic num- 
ber, provided the same mass of barrier is used. 
The latter statement has been verified by com- 
parison of experimental results obtained by Kaye 
for iron with those reported here for concrete. 

Barrier 


rasie | thickness requirement with radium source 


Source to personnel distance 


1 meter 2 meters 3 meters 


Lead Con- Lead Con- Lead Con- 


crete crete crete 

Millicuries mm in mm in mm in, 

1,000 20.3 14.7 11.4 

00 17 11.9 34.5 8.7 

200 14.8 33.3 &.3 17.5 5.0 

100 11.0 20.7 5.5 5.8 2.0 
0 32.7 a.2 7.7 2.5 0 0 
20 15.8 4.5 0 0 0 0 
10 4.3 1.5 0 0 0 0 
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IV. Conclusions 


From the curves of figures 2 and 3 it is possible 
to compute the barrier requirements listed in 
table 1. A permissible dosage rate of 0.3 roentgen 
per 48-hour workweek is assumed. It is assumed 
that personnel may be as near as 7.5 inches to the 
outside of such a barrier. If personnel are located 
at a distance of more than 3 feet from the barrier, 
1 inch may be deducted from the concrete, and 4 
millimeters from the lead requirements listed in 
the table. 
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Transient Vibration in an Airplane Wing Obtained by 
Several Methods’ 


By Walter Ramberg 


Analysis of the flexural transients in a model airplane wing following a “‘soft’’ unsyim- 


metrical two-point landing impact indicates that Williams’ method, separating ‘‘static’’ and 
vibrational response, is superior to the normal modes method used by Biot and Bisplinghoff 
in leading to values in good agreement with experiment without using more than four modes 
A method of coupled modes suggested by Levy leads to values of the response about as accu- 
rate as those from Williams’ method with as few as three vibrational modes. 

None of the three methods showed rapid convergence for the response following a 
“hard” impact of the same shape as the soft impact, but with only one-fifth of the duration 


Attempts to develop a traveling wave method for the solution of this problem have been 





unsuccessful so far 


I. Statement of Problem 


The problem of determining the transients in 
in airplane following the landing impact has be- 
come important during recent vears with the 
advent of large transport airplanes. 

It became apparent, as a result of several fail- 
ires In service, that the stresses developed during 
the landing of large transport airplanes could be 
far in excess of those computed from the charac- 
teristics of the landing gear on the assumption 
that the airplane was decelerated a a rigid body 
during the landing impact. It was obvious that 
an adequate stress analysis of the airplane would 
have to take into account the transients excited 
by the landing impact. Several methods were 
soon proposed for computing these transients, 
notably the statistical method of Biot and Bis- 
plinghoff {1],? in which the response of the airplane 
for impacts of standard shapes is resolved in terms 
of the normal modes of vibration of the airplane, 
and the method of David Williams [2], in which 
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the static response and the vibrational response 
are computed separately. A method of coupled 
modes has been suggested recently by Levy, in 
which the modes are computed directly from the 
rigid body motion. Finally, there is a possibility 
of adapting the method of traveling waves that 
was used by St. Venant over 60 vears ago to soive 
the problem of longitudinal impact of an elasti« 
bat 

It was decided to try out these methods in the 
computation of flexural transients in an airplane 
wing following a relatively soft and a relatively 
hard landing impact. It was hoped that the 
computations would indicate the effectiveness of 
these methods for the rapid and accurate compu- 
tation of transients in an airplane wing 


II. Methods Tried 
1. Method of Normal Modes (Biot and Bisplinghoff) 


The method of normal modes for computing 
the response of an elastic structure to impact is 
described in detail in the classical paper of Biot 
and Bisplinghoff [1], referred to above. The 
method makes use of the independence of the mo- 
tion in one normal mode from that in any other 
normal mode. 
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The total displacement y(z,t) of any point with 
coordinate z is then given as the sum of displace- 
ments y;,(z,t) in each one of the modes 7 that may 
be excited by the impact 


y(z,t) = DUy.(z,t). (1) 
i=l 


The displacement y;(z,t) in the ith mode can be 
derived from the displacement q,(t) of the linear 


heli ileailetenileileiil lt 

















Kj 
ms, 
qj't) 
Q)(t) 
FiGgure | ky avalent linear oscillator. 


oscillator of figure 1 in accordance with the equa- 


tion 
y(zt)=er(r)q.(t), (2) 
where 
¢:(z) =normalized deflection in ith mode, cor- 
responding to unit deflection of the 
reference station, e. g., the wing tip; 
qi(t) deflection at reference station. 


The deflection q(t) of the linear oscillator of 
figure 1 under the action of an external force 
Q(t) is given by the well-known integral of 
Duhamel: 

l "s ‘ 
q;(t) vi | @,(r) sin w,(t—r)dr. (3) 
4 (4 


0 


It is shown in reference [1] that the deflection 
q(t) has the correct value for the ith mode of the 
elastic structure with its distributed mass m(z) 
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under the action of an external impact for 
F(x,,t) if 





M,= S ¢3(z)dm=generalized mass in ith ) 
mode; 
w,— ¥K,/M,=frequency of ith mode, ; 
radians/sec ; ; 
Q(t) = ¢1(z) F(z,,t) =generalized force in 
ith mode. . 


The stress at any station z is obtained by super- 
posing the stresses corresponding to the deflection 
q;(t) in each mode. 

Numerical solutions for the response q;(t) of a 
linear oscillator to impacts Q,(t) of a variety of 
shapes are given in reference [1]. 


2. Method of Separating Static Deflection and 
Vibrational Deflection (Williams) 


Williams outlined [2] a method of computing 
the displacement of an elastic structure as a 
result of applying an impact force of fixed dis- 


tribution along the structure: 


F(z,,t)=P(2) FO, fF 
where 
P(z)=spacial distribution of force, assumed 
constant ; 
Fit) =variation of force with time. 
Williams expands P(z) in terms of the inertia 
loads of the various modes 
P(x) p> L,(z), (3 
where L,(z) will be proportional to the produc! 
of mass and amplitude at each station m(x)¢,(z 
He reduces the number of natural modes 7 that 
have to be included in the expansion by noting 
that the inertia forces become negligible compared 
to the elastic force for modes with sufficient!) 
high frequency. The deflection in these highe 
modes is therefore the same as if the force were 
acting statically. The deflection in the lowe 
frequency modes may be computed by adding « 
static force L,(x)f,(t), equivalent to the inertia 
force, to the external force L,(x)F,(t). William 
shows that the equivalent static force is given b 


t ° 
L(x) f(t) L(x) | cos w,(t—r)F(r)dr. S 
0 
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he deflection of the structure under the impact 
ad is then equal to that resulting from a static 


ree, 
P(x) F(()+-2L,(2) f(b). (9) 
It is interesting to note that a separation of the 
response into a static and a vibrational term can 
be made directly by integrating eq 3 by parts as 


follows: 
l cos w,(t—r) * 
WO= Ig) Sh) - 
} ( 


 . cos (t—r) 
[du —— ar} (10) 
0 @; 


Substituting limits and noting that 


fives 


' Q(t) 1 " 
q: K, Mw? 0 


COS w,(t r)Qi(r)dr. (11) 
The first term is the deflection of the equivalent 
linear oscillator of figure 1 on the assumption that 
the generalized force Q,(t) acts statically, and 
the second term is the vibrational deflection of the 
oscillator. 

The resultant response of the structure is given 
by adding to the static deflection under the 
external load F(z,, t) the vibrational deflection 
in each mode. The solution is more general than 
that of Williams in not being restricted to external 
forces with a fixed distribution P(x) in space. 
The two solutions coincide for the special case in 
which Ftz,, t) can be written in the form of eq 6. 


3. Method of Coupled Modes (Levy) 


Samuel Levy of this Bureau has suggested that 
it may be possible to represent the response to an 
impact in terms of fewer modes if the restriction 
to normal modes is dropped. He proposed a spe- 
cific series of modes that can be computed directly 
for a structure with known influence coefficients. 

Levy’s method will be made clear by applying 
it to the case under discussion of computing the 
flexural transients in an airplane wing following the 
landing impact. 

The rigid-body acceleration j following the 
application of a unit impact force P=1 at a dis- 
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Figure 2. Force producing rigid-body translation and 


rotation of wing. 
tance z, from the center of the wing in figure 2 is 
given by 
I Lot 
jo 47 +-3? (12) 
M,’ I 
where 
z=distance from center; 
\f,=mass of wing; 
7=polar moment of inertia of wing about 
longitudinal axis of airplane. 


The shape ¢,(x) of the first vibrational mode is 
obtained by computing the deflection y,(z) caused 
by the combined action of the applied unit impact 
force and the distributed inertia force gom(z), using 
the influence coefficients for rigid clamping of the 
wing at the center of gravity. The rigid-body 
motion is eliminated or ‘‘swept out’? from y;(z), 
since it does not enter in the bending of the wing. 
The elimination is made by subtracting a,+-b, 
from y¥,(r7), where a, and 6, are determined from 
the relations 


ai 
‘ 


[yi (2) —a,] m(r)dr=—0; 
Jot 


*] 
x [yw (2) — bx] m(a)dr+0. (13) 
l 





¢(r) is taken as the deflection resulting after 
normalizing to give unit deflection at the tip on 
the side struck. 

The second vibrational mode @)(x) is derived 
from the first by computing the deflection y,(z) 
resulting from inertia forces m(x)¢(r) and then 
subtracting a)-+b.r+-¢2¢,(r), where ag, 6, and c, are 
given by 








“1 > 
[y2(r) —a2] m(r)dz=0, 
J-i 
* 
x [y2(x) — bor] m(z)dr—0, (14) 
J-i 
1 
[y2(r) —ag—b.x —C2¢, (x)] Ly (x) dz =0, 
Jt 
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and Z,(xz) is the distribution of load that deflects 
the wing to the shape (7). (x) is taken as the 
normalized value of y.(7)—d,—byr—e2@(r). The 
last of these equations (14) expresses the condition 
that the load Z,(r) should do no work on the 
deflections @.(4 The procedure for the deriva- 
tion of modes of still higher order is obvious. 

The “amplitudes” or generalized coordinates 
qi(t) in the vibrational modes are obtained by 
applying Lagrange’s equations 


djoT\ , ol 5 
ak Oo”; ) T oy o\ (Lp Pit) 
d(/aT\ at = - 
ak OW» ) T Oo", ¥. rp)I t) 

4 





where 7, U are the kinetic energy and the 
potential energy, respectively, that are stored in 
the wing, and where @,(¢p)P is the generalized 
force acting on the wing in mode /. The energies 
T, U may be computed by resolving the wing into 
a number of stations. The kinetie energy is then 
given by the sum of the kinetic energies of the 
masses m, at each station 1: 


7 Sm» [G1 (1 )Gi + G2(Ln Gat ...). l6a 


The potential energy Is given by the sum of the 
work done by the forces qLi(4,), @lol(an), - at 
each station n: 


U/ 1 sig Tn)oy (4 Gabe rn) O2(tn <a lib 


Substituting these expressions for 7, U in eq 15 
and carrying out the differentiation will lead to 


equations of the form 


Kit Muii+ Must ...= Ful 
Koq, 1 Af oY V/ 427 =U, 


n Which all quantities are known except. the 
generalized coordinates q). 2. These equa- 
writing down separate 
G2(Q1.92 .. .), ete., 
and then solving these equations simultaneously 
1 method 


tions may be solved by 
equations for @)(q).q.. . ~~), 


by a numerical method such as Adams 


[3, p. 363 to 367] 
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4. Method of Traveling Waves 


It was hoped to derive a method of travel! ng 
waves for computing flexural transients follow ng 
Numerous 
attempts were made to develop such a method 
but all these failed to lead to a procedure against 
which serious criticisms could not be raised. ‘Thy 
chief difficulty in this problem as compared to 
St. Venant’s problem of the longitudinal waves 
in an elastic bar of constant section seems to 


a sharp impact on an airplane beam. 


reside in the basic differential equation of thy 
problem. In the case of St. Venant’s problem 
the equation of equilibrium of axial forces leads 


to [4, p. 200, 285] 


Ou KHOu 
0, \ 
of p Or” 
where 
u(rt)—displacement along axis of bar; 
| Young’s modulus of material: 
p mass density of material 


The general solution of this equation can 


written in the form 


u i(y " r)of( \ nt ur) 9 


Where, f, f; are arbitrary functions, which ar 
determined by the initial conditions of the impact 
The solution given by eq 19 represents two 
traveling waves, one proceeding in the +, dire 
tion and the other in the — vr direction. The v 
locity of propagation of the waves is ,F p. i 
it depends on the properties of the material only 
A much more complicated differential equatior 
applies in the case of flexural waves in an elasti 
bar of constant section. Equilibrium of trans 
verse forces is expressed in this case, according to 


Timoshenko [4, p. 228], by the equation 


RI Oty pou l O'y  Elp oy , 
"Ort TP" ot? oral k’G OOF 
pl oy ; 
a 0, ) 
i Gr or’ 
W“W here 
y(r, t)=lateral deflection ; 


FJ =flexural rigidity of bar; 
p.1=mass per unit length of bar: 
(’=shear modulus; 
k’G=ratio of average shear stress to chan 
in slope produced by shearing for 
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first term in eq 20 is the distributed lateral 
wee resisted by simple bending of the beam; the 
cond is the force required to accelerate the 
ctions of the beam in their lateral vibration; 
he third is that required to rotate the sections of 
he beam; and the last two are the forces required 
The first 
two terms predominate over the last three in most 


because of the shearing of the beam. 


HDewMms: 


O*y , 


Oo 
Ox! t PA 2 


Kl Sis 


0. (21 
This equation is of a different form than eq 18. 
Equation 20 reduces to a simple wave equation of 
the type of eq 18 only for beams of abnormal 
proportions, in which the second term is negli- 
gible compared to other terms in the equation 
It follows that a transverse impulse applied to an 
elastic beam of ordinary proportions will not 
travel along the beam without distortion, like a 
longitudinal impulse. 

Nevertheless an attempt was made to solve the 
problem by a numerical method. The beam was 
"¢ placed by a series of concentrated masses con- 
nected elastically by massless beam elements. It 
was attempted first to find the deflection of the 
masses following the application of a known im- 
pact force to one of the masses by writing eq 21 
as a difference equation and then solving by 
numerical integration for the deflection at each 
This attempt failed 
because too many stations along the beam were 


station as a function of time. 


required to obtain sufficiently accurate values of 
e-1ld*y Or at each station. 

Next an attempt was made to solve the problem 
on the assumption that the impact was of suffi- 
short duration that the 


ciently response Was 


FiGure 3. 
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Medel wing for two-point landing tests. 


confined to a small portion of the beam. A small 
number of equations can then be written to express 
the equilibrium between the inertia forces acting 
on the masses in the disturbed portion of the beam 
and the shearing forces transmitted by the beam 
elements to displace these masses relative to each 
other. This method of attack has been unsuc- 
cessful so far because of the difficulty of keeping 
the extent of the disturbed portion of the beam, 
outside of which all masses can be considered at 
rest, small enough so that only a few influence 
relation 


coefficients are required to give the 


between shearing forces and displacements. 


III. Solution for Soft Impact and 
Comparison with Experiment 


The first three methods outlined above were used 
to compute the bending straims introduced in a 
model wing following a soft vertical landing impact 
at two points. The impact was regarded as soft 
because the period of impact was about 1.7 times 
the fundamental flexural period of the wing. The 
model wing is shown in figure 3. The wing was 
fabricated from aluminum alloy sheet and angles 
to have a distribution of flexural rigidity and of 
mass (figs. 4 and 5) similar to hat of a large four- 
engine transport airplane. A “landing strut,” ©, 
was fastened below each one of the two inboard 
engine masses to transmit the landing impact to 
the wing. The landing struts contained a thin- 
walled tube to which wire strain gages were 
fastened to measure the landing impact force as a 
function of time. 

The model was tested by releasing it in a nearly 
strain-free condition (see [5]) from a height of 
about 1 inch to make contact with two synthetic 








“landing fields."’ The impact force was recorded 
by the dynamometers in the landing struts, and 
bending strains in the neighborhood of the inboard 
engines were recorded from wire strain gages by 
using the technique described in [5]. The shape 
of the landing-impact force was adjusted by using 
a suitable combination of rubber sheets and mold- 
The time 


interval between contact at the two landing struts 


ing clay for the synthetic landing field. 


was adjusted by adjusting the relative heights of 
the two landing fields. 

The computations were started by determining 
the first three symmetrical and the first three anti- 
symmetrical flexural modes of the wing. For this 
purpose, the mass of the wing was considered to be 
concentrated at the root and at nine stations along 
each half of the Influence 
between force and displacement at the mass points 


wing. coefficients 


were computed by treating each half-wing as a 
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Figure 4 Flexural rigidity distribution for model wing 


simple beam clamped at the root. The normal 
modes of the wing were obtained from the influence 
coefficients and from the given mass distribution 
by using a dynamic matrix and iteration procedure 
as explained by Duncan and Collar [6]. The 


deflection at the root of the half-wing (center of 


442 


gravity of the wing) for the symmetrical mox 
was obtained from the condition that the cent 
of gravity of the wing must remain at rest for fri 
free vibration. In the case of the antisymmetri: 
modes, the rotation at the root of the half-wi 
was obtained from the condition that the mome: 
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FiGuRE 5. Vass distribution for model wing 


a, Distributed mass; b, concentrated mass, 


about the center of gravity are zero for the fre: 

The periods of the natural modes 
are given in table 1. The first three coupled modes 
according to Levy’s method were computed from 


free vibrations. 


the same influence coefficients as those used in th 
previous computations, following the procedu 
described in section II, 3. 


TABLE 1 Periods of computed natural flerural mode 


’eriod 


conds 
First symmetrical 0315 
Second symmetrical O15 
Third symmetrical 00613 


First antisymmetrical 0170 


Second antisymmetrical 00759 
Third antisymmetrical . 00500 
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rhe response of the wing in each mode accord- also shows the bending moment corresponding to 
to the normal-mode method and according to rigid body motion and the observed bending 
lliams’ method was then computed by substi- moment obtained from measurements of extreme 
ng the normalized modes and the generalized fiber-bending strain in the two-point landing test. 

» obtained from the measured impact force at It is apparent that the maximum values of the 

h landing strut in eq 2, 3, 8, and 9. The bending moments due to rigid-body motion 
sponse according to Levy's method was obtained amounted to about 85 percent of the maximum 
solving eq 17 as indicated in section IT, 3, sub- values of experimentally measured bending mo- 
tuting the given impact forces at the two land- ments. The measured bending moments were in 
struts and then superimposing the two solu- close agreement with those obtained by Levy's 
ons method and by Williams’ method. It can be seen 
The bending moments in a wing section near from figure 6 that the difference in maximum 
two landing struts were computed as a func- measured bending moments and maximum com- 
on of time from the amplitudes g; in each one of puted bending moments was less than 5 percent 
he component modes. for Levy’s method and less than 7 percent for 
The resultant bending moments thus obtained Williams’ method. For the method of normal 
plotted against time in figure 6. The figure modes, this difference between experimental and 
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Figure 6. Response for soft, unsymmetrical, two-point landing impact. 


1, Bending moment, 1 in. outboard of landing strut hitting first; b, bending moment, | in. outboard of landing strut hitting second. 
O, Observed; N, normal modes method; W’, Williams’ method; L, Levy's method; R, rigid body method 
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Fiat RE 7 Com pone nis of response for sott, 


metical, two-point landing impact, normal modes method 


1, Bending moment, | in. outboard of landing strut hitting first; b, bending 
moment, 1 in. outboard of landing strut hitting second. 

N, Normal modes method (sum of the following components); s1, first 
symmetrical mode; s2, second symmetrical mode; s3, third symmetrical 
mode; al, first antisymmetrical mode; a2, second antisymmetrical mode; a3, 
third antisymmetrical mode 


computed maxima was as much as 23 percent. 
The reason for obtaining better agreement by 
Williams’ method than by the method of normal 


modes becomes apparent from an examination of 


figures 7 and 8, which show the contributions to 
the bending moment of the six different modes 
used in the computations. The normal modes 
method, figure 7, shows good convergence for the 
symmetrical modes; however, the third antisym- 
metrical mode still contributes 13 percent to the 
measured maximum bending moment. Higher 
modes should probably be considered. In the case 
of Williams’ method, figure 8, the third antisym- 
metrical mode contributes only about 1 percent 
to the maximum bending moment. 
The use of the first two symmetrical and the first 
two antisymmetrical modes in Williams’ method 
would have sufficed to give the maximum bend- 
ing moment within 8 percent. 


measured 


It is difficult to judge convergenc: of Levy's 
method by comparing the response in the higher 
modes to the total response, since in this case the 
modes are coupled and the addition of a higher- 
frequency mode term changes the response in the 
lower-frequency modes. Hence the change in 
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ansyme- 





computed maximum bending moment due to t \« 
addition of a higher-frequency mode may be ap- 
preciably less than the response in that mo 
Nevertheless, it is of interest to compare the 
response in the three modes. Figure 9 shows this 
The third mode contributed about 15 
percent to the measured maximum 
moment. 
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Figure 8. Components of response for soft, unsymmetrice 


two-point landing impact, Williams’ method 


a, Bending moment, | in. outboard of landing strut hitting first; b, bend 
moment, | in. outboard of landing strut hitting second 

W, Williams’ method (sum of the following components); 
method; s1, first symmetrical mode; s2, second symmetrical mode; $3, th 
symmetrical mode; al, first antisymmetrical mode; a2, second antis 5 


R, rigid bo 


metrical mode; a3, third antisymmetrical mode 





IV. Solution for Hard Impact 





The hard impact was chosen as identical 1! 
shape to the soft impact, but the duration of th 
impact was reduced to one-fifth of that of the sof 
impact. The period of the impact was about 0.5 
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BENDING MOMENT ,L8-IN 


es the fundamental flexural period of the wing. 
1e response to the hard impact was computed 
eping all quantities identical with those for the 
ft impact, except, of course, the duration of 


ipact. 

The resultant bending moment near the inboard 

vine above the landing strut, making first con- 

vet with the landing field, is given in figure 10. 
he figure also shows the bending moment corres- 
ponding to the rigid body motion of the wing. 

It is apparent that there is a larger divergence 
etween the results of the three methods than for 
he soft impact and also that there is a considerable 
ag between the resultant response and the rigid 
body curve. The maximum bending moment 
according to the method of normal modes is 35 
percent below that for the rigid body motion; 
that for Williams’ method is 3 percent below, and 
that for Levy’s method is 19 percent above. 

The response in the individual modes of vibra- 
tion according to the three methods is given in 
The convergence is good only for 
the symmetrical modes. The third antisymmetri- 
cal mode according to the method of normal modes 
contributes as much as 23 percent to the computed 


figures 11 to 15. 
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RE Components of response for soft, unsymmetrical, 
two point landing impact, Levy's method. 


nt, 1 in. outboard of landing strut hitting first; b, bending 


1 in. outboard of landing strut hitting second. 


, 


y's method (sum of the following components); 1, first mode; 2, 


}, third mode 
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Figtre 10. Response to hard, unsymmetrical, two-point 


impact. 


Bending moment, | in. outboard of landing strut hitting first 
N, Normal modes method; W, Williams’ method; L, Levy 


FR, rigid body method 


maximum bending moment (fig. 11 For Will- 
iams’ method, the third antisymmetrical mode 
contributes 15 percent to the computed maximum 
bending moment (fig. 12). For Levy’s method, 
figure 13, the third coupled mode contributes 43 
percent to the computed maximum total bending 
moment. It is apparent from this that a fourth 
analytical procedure needs to be developed to de- 
rive the response to impacts of very short duration, 
such as that chosen in the example. 


V. Conclusions 


Analysis of the flexural transients in a model 
airplane wing following a soft unsymmetrical two- 
point landing impact Williams’ 
method, separating static and vibrational response, 


indicates that 
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Figure 11. Components of response for hard, unsym- 
metrical, two-point impact, normal modes method. 


Bending moment, 1 in. outboard of landing strut hitting first. 

N. Normal modes method (sum of the following components); sl, first 
symmetrical mode; s2, second symmetrical mode; s3, third symmetrica] mode; 
al, first antisymmetrical mode; a2, second antisymmetrical mode; a3, third 
antisymmetrical mode, 
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Fiaure 12. Components of response for hard, unsym- 
metrical, two-point impact, Williams’ method. 
Bending moment, 1 in, outboard of landing strut hitting first. 


W, Williams’ method (sum of the following components); FR, rigid body . 
method; sl, first symmetrical mode; s2, second symmetrical mode; s3, third »| 
symmetrical mode; al, first antisymmetrical mode; a2, second antisym 
metrical mode; a3, third antisymmetrical mode. 
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800 f than four modes. A method of coupled modes 














suggested by Levy leads to values of the response 
L about as accurate as those from Williams’ method 
’ with as few as three vibrational modes. 
600 | | None of the three methods showed rapid con- 
| / vergence for the response following a hard impact 
\\ of the same shape as the soft impact, but with only 
| \ | | one-fifth of the duration. Attempts to develop a 
400 | t traveling-wave method for the solution of this 
problem have been unsuccessful so far. 
2 
= - The author expresses his indebtedness to his 
4 colleagues Samuel Levy, J. B. Woodson, and 
. W. D. Kroll, who were principally responsible for 
. - the computation of the transients given in the 
Fs paper. 
-- 3 
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Use of Plastic Replicas in Evaluating Surface 
Texture of Enamels 
By Joseph C. Richmond and Allen C. Francisco 


A technique for making ethy! cellulose replicas of enameled and other surfaces is described. 


Photographie prints of a number of replicas are shown and methods of analyzing the replicas 


are discussed. 


The haze of replicas was used to evaluate 


Enamel Institute Surface Abrasion Test. 


those obtained by the standard method, by 


5 enamels abraded in the Standard Porcelain 
Graphs are shown comparing these ratings with 


visual estimates of the abrasion as seen on the 


enameled specimens, and by visual estimates of the abrasion as seen in the replicas. The 


haze of replica method appears to offer advantages for evaluating the amount of abrasion. 


I. Introduction 


The surface texture of an enamel has an im- 
wortant effect upon the appearance and utility of 
an enameled article. For most uses, the high 
vloss usually associated with porcelain enamels is 
desired from the standpoint of appearance, and 
the smooth surface is desired for ease in cleaning 
For some other uses, however, such as architec- 
tural panels, semimat finishes may have an ad- 
antage from the standpoint of appearance. 

\lost enamels, if properly applied and fired, have 
smooth fire polished surfaces Surface defects 
may arise from improper application or firing of 
1 enamel or from other causes. Measurement 
f surface texture would help to evaluate the sur- 

defects as they occur in the plant, and a 
simple quantitative method for measuring surface 
texture of enamels will find wide use not only in 
the plant but also in the laboratory and field 

Abrasion, etching, and weathering in service 

nd to roughen the surface of an enamel and 
estroy its gloss. Laboratory tests for resistance 
to abrasion and attack by acids or alkalis usually 
are designed to reproduce under controlled condi- 
tions the mechanisms that damage the enamel 
in service. Quantitative measurements of surface 
texture should be valuable for evaluating and cor- 
relating the results of laboratory tests and_per- 


lormance in service. 


Rating Surface Texture by Replicas 
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II. Methods of Evaluating Surface Texture 


An abraded surface usually will differ from a 
smooth surface in gloss and color, as well as in its 
tendency to pick up and retain dirt. Roughness 
caused by abrasive wear can be observed in enam- 
eled surfaces by visual inspection. The personal 
factor may play an important role in visually 
evaluating surface texture. Therefore, an objec- 
tive method giving reproducible results is desired 


Way |1] 


methods for studving the surface finishes of metal, 


has described a number of mechanical 


such as the profilograph and surface analyzer 
These can be used to measure surface texture and 
are suitable for some purposes, but the results 
frequently are not easy to interpret 

Test methods based on optical measurements 
offer one means of evaluating the surface texture 
of enamels. Specular gloss measurements have 
been successfully used to evaluate the change in 
surface texture roughening produced by abrasion 


2}, etching [3] or weathering [4]. They can also 


be used to measure the changes in the surface 


texture of an enamel produced by variations in 


applications or firing procedures. However, the 
gloss of a surface is influenced by several other 
Hunter 


and defines six distinet types of gloss, several of 


factors besides its texture 5} identifies 


which cannot be measured objectively. 











A technique for using plastic replicas of ma- 
chined metal evaluate the surface 
finish was developed by Herschman [6]. A modi- 
fication of this technique was applied to enameled 
surfaces by the present authors, and appears to 
offer promise as a method for evaluating surface 


surfaces to 


finish (texture). 

Allen and Friedberg |7] in a paper published 
since most of this work was completed, show a 
number of photomicrographs of ceramic surfaces 
obtained by replica methods. 


III. Plastic Replicas of Enameled Surfaces 
1. Procedure for Making Replicas 


A solution was prepared by dissolving | gram of 
ethyl cellulose in 100 ml of a solvent composed of 
80 parts of toluene to 20 parts of acetone by 
volume The general procedure described in a 
previous Bureau paper [6] was followed in making 


TABLE 1. Results obtained by five 
Method A Method B 
Enamel No. | Color 
Rating e Rank‘) Rating 

1 W a3.5 0.9 l rey 1.4 
2 W 78.4 1.2 2 7.8 1.1 
; W 74.5 Os 4 1S 0.7 
i Ww 74.2 1.4 4 &.1 1.3 

W 69.3 1 st 10 
‘ vw 69.3 1.1 in 9.2 1.2 
7 Ww os 1.5 7 9.2 09g 
. Ww 67.2 0.5 s 11.6 7 
9g \W 67.1 i) " 1.5 2.2 
10 WwW 67.0 1 Ww 9% 0.7 
1 ( 65.8 15 i 11.8 2 
12 Ww ihe 1.2 12 94 6 
13 Ww 65.4 1.4 13 9.2 14 
4 Ww 4.7 1.6 14 12.8 Os 
15 W 64.3 6.7 15 10.8 4 
16 WwW ia.s 1.3 16 10.6 1.1 
17 Ww 63.3 1.4 17 0.7 0.9 
Is ‘ “1.9 0.6 Is &.5 13 
19 { 61.8 1.7 1v 14.9 1.0 
2 W 0.35 1.4 wv 12.2 2 
21 ( SS Lo 2 12.2 o9o 
22 Ww MY 1.4 22 21 LY 
ys | Ww M1 20 23 14.5 O7 
“4 Ww w4 1.4 a4 24.2 15 
2 Ww AA 2.2 », AO 1.6 





consisted in 


placing a sm || 


a replica. This 
amount of solution on a specimen near one ed + 
and pressing a 4- by 4-in. sheet of ethyl cellulo 
0.0075 in. thick on the specimen, over the solutic 
which was then spread out under the plastic | 
means of a rubber roller applied to the externa! 
surface of the plastic sheet. After drying for 
few minutes, the replica was stripped from tie 
specimen and placed in a metal holder to prevent 
curling. 

Replicas prepared in this way were graded by 
several means, which will be discussed in greater 
detail later of this paper. These 
methods include examination, with 
without magnification, projection of the replicas 
of the image 


in sections 


visual and 


and examination or measurement 


produced, and measurements of the haze of the 
replicas. 


2 Later experiments have shown that a solvent composed of S5 parts of et 
wetate to 15 parts of 95°) ethyl aleohol by volume gives somewhat bet 


duplication but causes severe curling of the replica sheet 


rating methods! on 25 Enamels abraded by the Standard PEI Abrasion Treatment 


Method ¢ Method ID Method E 


Rank Average Kank Average Rank Percentage Rank 
l 1.33 l 0 1 6.7 
2 6.0 1 0 5 4 
22 Wo 12 13 ml) 12. ¢ iu 
; 7.0 7 1.3 2 2 I 
) 7.33 7.4 7 7.7 7 
7 1100 il 10.5 4 9.1 10 
" | 2 17 4 6.6 ‘ 
15 13.00 1S 15.6 lt wt Ith 
11 12.00 4 11.3 12 9.1 11 
9 11.83 13 7.9 s 7.4 ‘ 
It 24.17 25 22.3 22 10 15 
10 900 i) w4 Ww 93 12 
s 10. 67 Ww 69 t 8.2 s 
1v 7.17 i 13.1 13 10.2 17 
4 7. ti" s 13.3 14 18 Is 
12 5. 67 } w.4 il SS 4 
13 16. 16 It 13.4 15 us M4 
4 22. 35 2 oY 6.1 2 
21 17. 33 17 24 21 13.4 21 
l nO Pat) is. 0 19 13. ¢ 22 
Is 19 SS 21 6.7 17 44 13 
2 17.83 iv 23.9 25 10.8 7% 
a 17.38 7 17.3 Is 12.7 PU) 
aa 21.67 22 22.9 ps 24.7 a4 
25 23. 67 a4 23.7 24 25. 2 25 








! Methods are as follows: A, 


Standard PEI Surface Abrasion Test; B, haze of replica for same specimens as method A, ¢ 


‘, average visual rank as determine 


by 6 observers on one abraded specimen of each enamel; D, Average visual rank as determined by 7 observers on replicas from same specimens as method ( 


E, haze of replicas in method D. 
3 We White; C=colored, 
3 95%-confidence error. 
* Inverse rank, 
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2. Replicas of Abraded Surfaces 


(a) Abrasion by Standard PEI Test 


gure 1 illustrates a replica * made from an 
meled specimen abraded in the standard PEI 
st for Resistance of Porcelain Enamels to Sur- 
e Abrasion [2]. It can be seen that the pattern 
sists of several rings, where the abrasion was 
atively severe, but confined to circular paths, 
ounding an area that is uniformly abraded 


In the standard PEI method (method A, table | 





mitted to the Bureau by members 
of the PEI for use 


resistance of enamels. 


cooperating 
in a study of the abrasion 
As a part of this study, 
SIX specimens of each enamel were tested for 
abrasion resistance by the standard PEL method 
method A). 
In order to compare the loss of gloss method 


method B), 


replicas were made from the abraded specimens, 


with the replica method surface 


and the haze * of these replicas was measured by 
Federal Specification Test Method No. 3021 [8] 





l Print froma eplica of an enameled specimen abraded in the PEI standard test fo esistance of porcelain enamels 
o surtac abre or 
he 45° specular gloss of this central area is ASTM Method D-672-44T [9] Figure 2 is a 


ieasured before and after treatment. The pel 


entage of the original gloss retained after treat- 
ment is then taken as the abrasion index of the 
pecimen 

Specimens of 25 types of enamel, representing 


i wide range of abrasion resistance, were sub- 
the replicas directly onto photographic paper with only 

magnification produced prints that revealed all of the details that could 

e seen in the replica. However, these prints were of low contrast. To mak¢ 
gravings for publication, it was necessary to project the replicas onto 


photographic film, from which prints were made 


Rating Surface Texture by Replicas 


schematic diagram of the haze meter. In making 


a determination, the lamp rheostat is adjusted 


until the microammetet reads 100 The specimen 
is then placed over aperture A, and the total 
transmission, 7’, is read on the microammete! 
The specimen is then moved to aperture B, and 
the parallel portion of the light, 77, transmitted 
by the sample is read on the microammeter. 
‘ Haze is defined as the amount of light diffusely transmitted by a speci- 
men, expressed as a percentage of the total transmission 
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Figure 2. Schematic diagram of the haze meter. 


A, Box (shown in phartom), dull black finish inside; B, cylindrical shield 
(, reflector, D, 6-volt lamp; E, aperture B (1-in. diameter); F, aperture A 
l-in. diameter); G, photoelectric cell; H, photoelectric cell terminals; J, 
torave battery 6- or S-volt source; K, lamp rheostat; L, meter (100-micro- 


wn pere range 


The percentage of haze is then computed from 
the following formula. 
Hane=*_,*" X100. 
1 

Figure 3 shows the correlation of the results 
obtained by the two methods (A and B). In 
general, the two methods placed the enamels in 
about the same order, although there were several 
marked exceptions. The rank coefficient of cor- 
relation was 0.702 

Although there was appreciable variation in the 
original surface texture of the specimens, no 
replicas were taken before the abrasion tests were 
Replicas were taken, however, from a 
tvpe of 


made. 


unabraded specimen of each 


haze of the abraded 


typical 
‘y° 
enamel. The specimens 
was then corrected by subtracting the correspond- 
‘ a. , 
ing haze of unabraded specimen. This correction 
§ A coefficient of correlation of 1.0 indicates perfect linear relationship, and 
1 coetlicient of —1.0 a perfect inverse relationship, in which all points wouk 
fall exactly on a straight line A coefficient of correlation of 0.00 indicates 
that the relationship is entirely random. 
The rank correlation, r, is computed from the formula 


“Ed? 


i“ iN 


in which d= difference in rank of specimen by the two methods, and N= num 


ber of specimens 
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(averaging about 2.0) did not significantly improve 
the correlation. 

The correlation coefficient indicates fair ag: ee- 
ment between methods A and B. The 95-pere: nt. 
confidence errors [10] for the standard test A 
varied from 0.5 to 2.2 and for the haze reac ing 
(B) from 0.2 to 2.2. In general, the statistical 
errors were slightly lower for the haze valves 
but not significantly so. If values between 
which differences are not significant in the lich 
of these errors are assigned the same rank, thy 
rank correlation coefficient would of course }y 
greatly improved. 

The two lines shown on each chart are the leas: 
squares regression lines, one considering — thy 
ordinates alone subject to error, and the othe: 
considering the abscissas alone subject to erro) 
The angle between these lines can be taken as a 
measure of the correlation of the two variables 
the smaller the angle, the better the correlation 
If @ is the acute angle between the lines, the cor- 


relation coefficient ¢ may be found from th 


; a(t r) 


If there is perfect correlation, the two lines wil 


expression 


tan «x 


coincide and all points will fall on the line, a= 
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Figure 3. 
abrasion test with those obtained by haze measurements 


replicas taken from the abraded specimens. 


lhe correlation coefficient is 0.70. @, Colored; ©, white 
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1.00. If » 90°, and there is 


orrelation 


0.00, a 


There has been considerable discussion in the 
t as to how well the ratings of abraded speci- 
s by the loss-in-gloss method correlate with 
relative appearance of the damaged areas. 
un attempt to answer this question, one 
chosen 
These 


abraded specimens were ranked visually by 


resentative abraded specimen was 


the six specimens of each enamel. 


(method C Each observer was 


observers 
ed to place the specimens in order from least 


most damaged. Ratings from 1 to 25 were 


signed to the specimens, 1 indicating the least 
sual damage and 25 the greatest visual damage. 
The coefficient of rank correlation between the 
the 


methods 


corresponding 
A and C 


vas 0.69, and between the average visual ratings 


verage visual ratings and 


atings by the standard test 


and haze values (methods B and C) was 0.57. 
values indicate that there was fair agree- 
the 
vloss ratings determined on the same specimens. 


he re 


These 


ment between visual estimates and_ loss-in- 


Was poorer agreement between visual 


estimates by observation of the specimens and 
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Comparison ot the anks obtained by gua 


Figure 5 
estimates of the amount of damad prod wed hy the abrasion 


fest on 25 enamels, as seen in the Specimens, with similar 


anks obtained by visual estimates of the amount of damaae 


as seen in eplicas taken from the specimens. 


the correlation coefficient is 0.70. Note the one colored enamel the 
ower-right corner of the diagram. ©@, Colored white 
haze ratings made on replicas from similar speci- 
. 
mens (methods B and C). 


Replicas taken from each of the 25 abraded 
specimens mentioned above were ranked visually 
by seven observers (method D), by using a pro- 
that 


abraded enameled specimens. — In 


ranking the 
this the 
variation in the visual stimulus was limited to the 


cedure similar to followed in 


way 


single factor of surface roughness (such factors 
as color and gloss of the original specimens being 
eliminated Figure 4 shows a comparison of 
these values with the haze values for the same 
replicas (method E), and indicates that the corre- 
lation is much better, the coefficient of rank cor- 
relation being 0.94. The the 


test methods are shown in table 1. 


data for various 
Figure 5 is a comparison of the visual ratings of 

the 
rank 


the specimens with the visual ratings of 


replicas (methods C and D). Again the 
correlation is only fair, 0.70. 

The point in the lower right corner of figure 5 
This represents 
a blue sign enamel, which appeared to have been 
badly damaged in the abrasion treatment, and 


deserves special consideration. 
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which had a low abrasion index, as determined 
by gloss measurement. On the other hand, the 
haze and visual replica methods (B and D) indi- 
cated that this enamel had undergone only slight 
damage in the abrasion treatment. 

This enamel was found to pass both the wet- 
and dry-rubbing tests as specified in the PET acid 
resistance test [3]. Other enamels, showing little 
damage when rated by both the haze and standard 
Enamels 
having high haze values and low abrasion indices, 
It appears, therefore, 


PEI methods, also passed both tests. 


however, failed both tests. 
that if roughness of the surface or cleanability are 
considered of greatest importance, then the replica 
methods give a better indication of the actual 
damage suffered by this enamel in the abrasion 
treatment than is obtained by visual inspection or 
gloss measurements made on the specimen itself, 
If appearance of the enamel is considered more 
important, then the gloss measurement gives a 
better indication of the damage than does the 
replica. 

In order to obtain a measure of the reproduci- 
bility of haze values of different replicas made 
from the same surface, eight specimens were 
selected to give a wide range of haze values. Six 
replicas were made from each of these specimens, 
and the haze determined. The average, maxi- 
minimum, 


for the haze readings for the six 


mum, and ¢ value (95-percent-con- 
fidence error 
replicas taken from each specimen are shown in 
table 2. 
ducibility of the haze values is very good, the 


approxi- 


These values indicate that the repro- 


95-percent-confidence errors being of 
mately the same size regardless of the haze value, 


and averaging about 0.3 percent haze. 


Taste 2. Haze values obtained on six replicas taken from 
each of ¢ ight abraded specimens 
Haze readings 
Specimen = ’ 7 
Average Maximum Minimum e 
Percent Percent Percent Percent 
= 2 1.18 31 1.09 0.34 
B 7.0 7.92 7.03 32 
c 9.32 0. 5S 9.13 ~2e 
D 10.9% 11.13 10. 69 W 
FE 1M 12. 08 11, 42 -2 
F 16. 88 17.55 16. 16 8S 
G %. 77 25. O8 27. 22 a 
_ = 7.8 28.01 27.07 37 


1 95-percent-confidence error [10]. 
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(b) Abrasion by Taber Abraser 


There is as yet no standard test that specif es 
the Taber Abraser as the abrading mechanism yp 
porcelain enamels. However, the wide use of this 
instrument for abrasion tests of plastics, paints 
textiles, and metallic coatings has aroused cop- 
siderable interest, and some work has been don 
at the National Bureau of Standards on the appli- 
cation of this test to porcelain enamels. 

Federal Specification Method 3021 [8] (visibl 
light transmission and haze of plastics) with minor 
modifications, is specified in Federal Specificatio, 
Method 1092 [11] for evaluating surface abrasion 
In the latter 
method, the increase in haze of a plastic specimen 


(scratching) resistance of plastics. 


produced by 25 revolutions in the Taber Abrase 
is taken as a measure of the abrasion. 

This method was readily adapted for use in 
evaluating the results of abrasion tests on enamels 
except that many more cycles were required for 
enamels than for comparable abrasion of plastics 
Haze measurements were made on replicas taken 
from a number of specimens before and after 
abrading. Figure 6° illustrates a replica of a sheet 
steel enamel that has been abraded for 5,000 revo 
lutions with the Taber Abraser, by using CS-1!7 
wheels and 1,000-grams load on each wheel. A 
series of replicas, taken at various stages during 
a test, forms a complete record of the progress ot 


abrasion. 
(c) Abrasion and Scratching in Service 


Replicas made from articles in service form a 
convenient means of recording the scratching and 
abrision existing at the time the replica is made 
A replica can be made from any surface to which a 
soft-rubber roller can be made to conform, and on 
which the ethyl cellulose solution can be spread 

Figure 7 is taken from a replica of a steel rule 
and will serve to indicate the seale of reproduction 
as well as to show the fine detail. 

Figure 8 represents a replica made from the 
corrugated drainboard of an enameled sink that 
had had extensive There are a few deep 
scratches which continue across the corrugations 
but for the most part, only the tops of the corruga- 
The corrugations were ap 


use. 


tions are abraded. 
proximately Mo in. deep. 

Figure 9 is a replica taken from an enameled 
table top used daily for at least 10 years. Agai 





* Figures 6 to 18 were produced by the method outlined in footnote 3. 
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bE Print made froma eplica of a sheet-steel enamel abraded for 5.000 revolutions in the Taber Abrase na CS 
vheels with a 1,000-qram load on each wheel. 
b 
t ab amount of abrasion. The table top had a grained 
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/ » au. . 
> a *y Ne o 
ee” ia eat 5 
Cts 4 
a 
IGURE 7 Print made from a eplica of a stec 


jetail brought out by the replica 


there is a concentration of fine scratches, this time 
n small areas, with a few long scratches. The 
surface of this enamel exhibited a slight “orange 
peel” texture, the difference in height between 
the high and low spots being approximately 0.001 
in. The fine scratches appear to be concentrated 
on the high areas, whereas the low areas show 
only the deep scratches, as was the case for the 
particular area 


corrugated drainboard. The 


examined was selected as showing the greatest 
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surface, which effectively concealed the damage 


on casual inspection. The replica brought out 
clearly the seratches that were apparent only 
upon close scrutiny of the actual article. The 
concentration of abrasion in small areas where the 
tops of high areas have been worn off is more 
pronounced in figure 10, which illustrates a replica 
taken from a white table top, which had received 
extremely hard daily use in a restaurant kitchen 
for over 20 vears. In this case the abrasion was 
very evident even upon casual inspection. 

Figure 11 represents a replica taken from the 
bottom of an acid-resisting enameled sink after 
This 


no general abrasion or 


about 1 year of service in a laboratory. 
shows scratching, but 
etching. Figure 12 illustrates a replica taken from 
the rim of a nonacid resistant dry-process cast 
iron bathtub after 20 or more years use. In 
this case there was so much general etching and 
abrasion that the original surface of the enamel 
had been almost completely removed. Even the 
edges of the scratches have been rounded until 
they are not readily apparent. 

For purpose of comparison, several replicas 
were taken from common materials other than 
Figure 13 is taken from a replica of a 
Figure 


enamel. 
china plate after about 10 years of service. 
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Fiagtre & Print from a eplica of the currugated drain- Fiagtre 10. Print from a replica of a second enamels 


table top. 


hoard of an enameled cast-iron sink. 


Most of the abrasion has been concentrated on the tops of the corrugations, Phe concentration of fine scratches and abrasion on the hich areas is ¢ 


but a few deep scratches continue across the cotrugat ions more pronounced than in figure 9 





Ficgtre 0 Print from a replica of an enameled table top. Figure 11. Print from a replica of an acid-resisting cast 


8 fi ) fs 
rhe surface was slightly orange-peeled, and most of the fine scratches are tron sink after approximately 1 year of service. 


concentrated on the tops of the hills, although a few deep scratches continuc 


wcross the hills and valleys 
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Fiaure 12. Print froma replica of the rim of a non-acid- 


eststing dry process cast-iron bathtub after more than 20 
years of use. 


Note the etching and abrasion over the entire surface. Even the edges of 


itches have been rounded until they are not readily distinguishable. 
14 illustrates a replica of a plate from the same 
set, showing crazing in addition to seratching and 
abrasion. Figure 15 is taken from a replica of a 
plate glass shelf used to hold desserts in a cafeteria. 
The seratches shown in figure 15 have about the 
same appearance as those occurring in enamel 
surfaces, but in general the scratches are longer, 
and there is no segregation of abrasion as was 


noted in the enamel surface. 
3. Replicas of Etched Surfaces 


When the surface of an enamel is dissolved, the 
remaining material is usually roughened. The 
degree of roughness of the surface, after a specified 


FIGURE Print from a replica of a china plate after 10 


years of service 
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Figure 14. Print from a replica of a second china plate, 


from the same set as the one shown in figure 13 showing 


crazing in addition to scratches and abrasion, 


corrosion treatment, has been used as a criterion 
of the resistance of the enamel to etching. The 
Porcelain Enamel Institute Standard Test for 
Acid Resistance [3] separates enamels into five 
classes, on the basis of the appearance of the 
treated area, its gloss, and its ability to retain dirt. 

Replicas were made of specimens that had been 
tested for acid resistance by the PEL test. Treated 
areas of enamels having class AA and class A acid 


resistance, respectively, were not distinguishable in 
With class B resistance, the treated 
area could be detected in the replica, but did not 


the replicas. 
have sufficient contrast to reproduce well. Figure 
16 represents a replica of a treated specimen having 
class C acid resistance. 


Figure 15. Print from a replica of a plate-glass shelf used 


to hold desserts in a cafe teria, 
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Fiat R} 16 Print from a replica of the tested area of a 


having class C acid resistance by the PEI test 


specimer 


Dhe specimen was scratched before testing 


A replica will readily reveal etching of mat or 


semimat surfaces, which may be difficult to see 


in the actual surface. Figure 17 illustrates a 


replica of a mat enamel that has been tested for 
acid resistance. The PEL acid resistance test is 
not adapted to rating mat enamels, hence no 
rating was assigned to this specimen 
Weathering produces numerous changes in an 
enameled previously 


surface, as described by 


Harrison and Moore [4]. Figure 18 is a replica 
of a weathered enamel. In this case an enamel of 
poor weather resistance (left exposed in upper left 
and lower right) had been coated with dust coats 


of two acid resistant clear enamels (upper right 


and lower left prior lo exposure to the weather 
The different degrees of attack by weathering ean 


easily be seen 





Figure 17 


Print made from a eplica of the tested area of 
a@ specimen of mat enamel tested for acid resistance by the 


PE] test 
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Fiat RE IS, Print made from a re plu a ofa Specimen eX pos 


to weathering for 6 years. 


An ename! of poor weather resistance, upper left and lower right, was c 
with dust coats of two clear acid-resistant enamels (upper right and 
left), prior to exposure to the weather 


IV. Evaluating Replicas 


Several techniques have been used in evaluating 
surface texture as revealed by replicas. Hersel 
mann [6] used an optical method for machined 
metal surfaces, in which a replica was moved across 
a small diaphragm at right angles to the directior 
of machining, and the light transmitted by th 
replica fell on a photoelectric cell. The variatior 
in the amount of light transmitted was measured 
by means of an alternating current voltmetet 
which indicated the response of the photoelectri 
cell. This method worked very well for grading 
the surface finish of machined surfaces, in which 
the surface markings are parallel. It was no 
suitable for use on abraded or etched surfaces 
where the roughness had random orientation an 
was nearly uniform over appreciable areas. 

Haze measurements, as described in section III 
give promise for rating replicas of specimen 
abraded in the PEL test and with the Tabe: 
\braser. Haze measurements were also made ot 
etched surfaces and those which had been abrade: 
in service. 

Replicas can be visually examined, at actual o 
magnified sizes, by either transmitted or reflecte 
light. Schaefer [12] has found that the use o! 
dye in the solution increases the contrast in th 
replica and helps to bring out details that migh 
Hardy and Plitt [13], als 
Williams and Wykoff [14] have described shadow 


otherwise be missed. 
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techniques, in which metal is evaporated onto 
the film at an oblique angle. This serves to bring 
out fine detail and relief. By the use of this 
procedure, direct enlargement prints can be made 
from the replica that give the appearance of an 
opaque object with the surface lighted by oblique 
illumination. 

Replicas can be projected, and the size of the 
projected image can be measured directly to 
determine the size of scratches or area of attack. 
They also lend themselves readily to the produc- 
tion of direct photographic prints by projection 
without the use of negatives. At small magnifica- 
tions, such prints lack contrast, but at greater 
magnifications this difficulty is overcome. 


V. Summary and Discussion 


A study was conducted to ascertain the useful- 
ness of plastic replicas of enameled or other sur- 
faces as a means of evaluating surface texture of 
such surfaces. These replicas lend themselves 
readily to examination by either transmitted or 
reflected they may be projected for 
examination of the enlarged image. Photographic 
prints can be made directly from the replicas, with 


light, or 


or without enlargement. 

convenient 
It should 

wherever surface 

It can be used to classify 


The replica technique offers a 
method for studying surface texture. 
find application small-scale 
roughness is evaluated. 
enameled surfaces as mat, semimat, or glossy, or 
to evaluate the degree of roughness developed in 
application of the enamel. The use of haze 
promising 


replicas offers a 


method for objectively evaluating surface texture 


measurements of 


and changes in surface texture resulting from a 
variety of treatments, including abrasion and 
etching. This evaluation may be more closely 
elated to the amount of roughening than to the 
appearance. The apparent 


resistance of different enamels to abrasion depends 


change in relative 
to a considerable extent upon the procedures 
employed in abrading them. Even when the 
specimens in a group are ali abraded by one 
procedure but graded by several methods, the 
relative ratings will vary with the method of 
vrading. 

In abrading or etching the surface of a typical 
enamel, the surface is roughened, the gloss is 
reduced and, in the ease of dark colored enamels, 
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the reflectance and color may undergo large 
Also, the tendency of the surface to pick 
rT’ ° 

Phese properties 


changes. 
up and retain dirt is increased. 
may be considered the major ones for most uses, 
although other properties of the enamel are 
affected. The relative importance of these effects 
will depend upon the characteristics that are 
considered paramount in any given service. 

The PEI standard surface abrasion test is 
based on the measurement of the loss in 45° 
specular gloss of the specimens produced by a 
standard surface abrasion treatment. The cor- 
relation coefficient of 0.69 indicates that the loss- 
in-gloss measurements show only fair agreement 
with visual estimates of the damage to the enamel. 
This might be expected because specular gloss is 
only one of several factors making up the visual 
stimulus. 

By the use of replicas, the variation in visual 
stimulus from specimen to specimen can be limited 
to the single factor of surface roughness and hence 
may provide a better criterion of the mechanical 
effect of abrasion than does the appearance of 
the specimens themselves. Evaluations of the 
surface replicas by visual means and by haze 
measurements agree well with each other (fig. 4) 
but are in no better agreement with visual ranking 
of the specimens themselves than are gloss meas- 
urements. It remains to be determined whether 
or not the mechanical roughening detected by 
the replicas is to be preferred over deterioration of 
appearance as a criterion of abrasion resistance. 

The replica technique should lend itself readily 
to field inspections of enameled articles. Rep- 
licas made in the field can be examined by the 
investigator at his convenience or sent to a central 
laboratory for study. A series of replicas of the 
same area of a test item, made before installation 
and after successive periods of service, will enable 
the investigator to follow the progressive break- 
down of the surface. These repheas can later 
be compared with those from specimens treated 
in the laboratory to determine whether the lab- 
boratory test produces the type of damage ob- 
served in the field. 
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An Electric Gage for Measuring the Inside Diameter 


of Tubes 


By Abner Brenner and Eugenia Kellogg 


An electric gage has been developed for measuring the bores of small guns or tubes of 


inch inside diameter 


about 


Che instrument has a solenoid mounted on each prong of a fork 


Its operation depends on the mutual inductance of two coils, 


The current induced in the 


secondary varies inversely with the distance between the primary and secondary coils. The 


gage is calibrated with rings of known diameter, and the diameter of a tube or gun bore is read 


directly on the dial of the instrument. 


I. Introduction 


In experimental work on electroplating the bore 
of small gun barrels, a method of measuring bore 
diameters was needed. The gages available for 
the purpose were sufficiently accurate but were 
not always convenient to use. For this reason, 
an electric gage was designed that had some ad- 
This 


nage is also applicable for measuring the inside 


vantages over the standard types of gages. 


diameter of tubes. 

The gage most widely used commercially for 
vaging production quantities of smail-caliber gun 
barrels is the air gage. This gage is a continuous 

ading instrument, which is comparatively easy 
to operate. A short description of this instru- 


Tike 


it is given to make clear m what respects it 


did not meet the needs of research. The measure- 
ment involves the passing of a spindle through the 

in bore. Air under pressure passes out through 
two holes in the spindle. The rate of eseape of 
ur from the spindle is dependent upon the clear- 
ance between the jet and the bore, that is, upon 
the difference between the diameter of the spindle 
This 


ference, measured in terms of the quantity of 


of known size and the diameter of the bore. 


flow, Is registered by the relative height of » 
float in a transparent indicator tube. 
The main disadvantage of this gage is that even 
inder the most favorable conditions each spindle 
aun be used over only a limited range, for ex- 
+0,0002 in. is 
If a bore is tape red, the spindle must be 


imple, 0.005 in. if an accuracy of 


lesired, 


Electric Gun Bore Gage 





changed in order to cover the range of diameter; 
this operation is time-consuming. Different spin- 
dles must be used for the land and for the groove 
Special diffi- 


culties arose in gaging heavily plated tubes, be- 


readings when gaging a gun bore. 


cause a single small nodule or deformation in the 
plate prevented the spindle from passing through. 
Another minor inconvenience is that a line pres- 
sure of 25 lb/in’ is required to operate the air 
gage. The air escaping through the holes in the 
spindle causes the gaging operation to be very 
noisy. The assumption is made that the air 
pressure is constant after passing through a pres- 
sure compensator. However, as the gage = is 
affected by air pressure changes, it is necessary to 
calibrate the gage before using, and any fluctua- 
tions in the pressure during operation cause in- 
accuracies In the readings. 

Another extensively used instrument is the star 
gage, Which consists of a pair of pins between 
which a cone is forced, thus separating the pins. 
These pins continue to spread until the cylindrical 
wall is reached. The dial type of instrument is 
sensitive to +0.0002 In., but a gage that has 
been used for a time can be relied on to this degree 
only over a region within 0.005 in. of the diameter 
of the ring used for calibrating because of the wear 


of the cone. The main disadvantage of the star 


gage lies in the fact that it permits a reading to 
be taken at only a single diameter at a time. The 
measurements are time consuming because the 


pins must be retracted and released for each 
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reading, and it is not feasible to make sufficient 
readings to give a complete record of the profile 


of the bore. Both the air and star gages are very 


astisfactory for production control but not for 


research work. 

The development of an electronic gage for gun 
bores has been reported.' The instrument con- 
sists of a wire strain gage mounted on a flexible 
beam to which one of the gage points is attached. 
The beam is bent by a variable amount, deter- 
mined by the position of the gage point, and the 
flexure is measured by the straim gage and an 
electronic amplifier. This gage is a continuous- 
reading instrument with an accuracy reported to 
be +0.00005 in., but no further information is 
available on it 

There are a number of very sensitive electrical 
amplifying gages on the market, but they are too 
large to be used in a tube ‘sin. in diameter. The 
spatial limitation imposed by this diameter was 
the main difficulty in developing a suitable gage. 


II. Description and Operation of the New 
Instruments 


The continuous-reading electric gage was de- 
veloped to meet our requirements for ease of 
operation, width of range, and accuracy of measure- 


ment. The gage operates on the principle of 
mutual inductance of two solenoids. If a con- 


stant voltage is maintained in the primary coil, 








the current induced in the secondary is a meas) re 
As secon 
in figure 1, the two solenoids, A and L, are «t- 


of the distance between the two coils. 


tached by screws to the fork, J, opposite each 
When the gage points, @ and //, which are 
screwed on to the fork, are squeezed together t!\ 


other. 


poles of the two solenoids approach each other 
The spring, J, is placed between the ends of the fork 
to cause the points to seek the maximum diamet«: 

The current that is induced in the secondary 
coil from a 60-ceyele current in the primary coil is 
converted to direct current by a rectifier. This 
current is partially annulled by a counter emf 
from the bucking circuit, and the resultant current 
is read on a properly calibrated microammeter 
If a 1,000-cyele current is used, the sensitivity of 
the instrument is tripled. It has been found that 
the distance between the two coils varies with thi 
induced current in a nonlinear and reproducibl 
manner. A range of 0.02 in. was covered by the 
gage with a sensitivity of 0.0002 in. without 
requiring recalibration at any place in the rang 
This range is readily extended to a larger diameter 
by unscrewing one set of gage points and replacing 
them with shorter points to give the desired rang: 
The difference in the length of the points is taken 
into consideration when the reading is made. A 
cage for tubes of larger diameter can be constructed 
to have a larger range with a given set of gag 
points. The gage is centered in the bore by two 
tubes with four phosphor bronze fins, B and N in 


figure 1. 






































P s_ 


Ficure 1. The top drawing is a cross section of the gage. 
I g : gag 





and the bottom drawing is a schematic diagram of a view taker 


approximately at right angles to that of the top drawing. 


A, Bakelite handle; B, phosphor bronze centering flange; C, locknut; D, pin and spring for orienting the guides R and S; E, wire conduits; F, steel ca 
G, gage point; H, gage point; I, spring; J, fork; K, Mu-metal solenoid; L, Mu-metal solenoid; M, Mu-metal magnetic shield; N, phosphor bronze centeri: 
flange; O and P, hole and pin for orienting guides R and §; Q, stainless steel base for fork; R, guide; S, guide. 
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FicurRE 2 


1, With case rer 


The experimental gage was constructed for the 
purpose of gaging 0.50-caliber gun barrels, which 
ecessitated certain additional features that are 
ot required for gaging smooth bore tubes. The 
wints must be maintained either on the lands or 
the grooves by guides, R and S. These guides 
made of tempered steel to hold the race firmly 
ented in the gun bore but flexibly enough to 
ow the gage to move along easily. The same 
ve points are used for both lands and grooves, 
ind the method for shifting gage points from one 
o the other is simple. The locknut, (, is un- 


screwed a short distance, and the pin, JD, is 
rressed down with the thumb so that the tube, F, 
ay be rotated 22 
ee O and LP 


ibe with the guides into the alternate position 


degrees to the adjacent hole 


This operation will rotate the 


th respect to the points. A 36-in. Bakelite tube, 
gage so that it 
The holes, 


i, hold the wires that pass from the solenoids to 


| s screwed on to the end of the 


l 


av be pushed through the gun bore 


box containing the electrical equipment 
| he cores ot the solenoids are made ot Allegheny 
\lu metal’, which has a high permeability ata 


OW field strength. 
l 


In the experimental model 
in. thick, 


hese cores are ‘0 IN wide, and 1, In. 
ong at the portion where the winding is done. 
\iter being annealed to restore the permeability 
that was possibly lost by machining, each core is 
wound with eight layers of number 42 enameled 
copper wire comprising about 3,700 turns per 
solenoid. The layers of wire are insulated from 


A tube of 


one another by coats of polystyrene. 


Electric Gun Bore Gage 


‘tric gage head, 


Mu metal with a wall 0.02 in. thick, VW, is inserted 
in the tube in the proximity of the solenoids to 
shield them from possible magnetic effects outside 
of the gage. When a steel tube is passed over the 
gage this shield prevents a change in excess of 1 


Figure 2, 


microampere a, shows the gage with 
the outer case removed, and figure 2, b, the gage 
ready for use 

The electrical circuit, as seen in figure 3, Is 


simple. The current is fed into the primary coil, 


5, by a constant voltage transformer, 1. The 
induced current is partially annulled by a countet 
emf, called the bueking circuit, from a 4.5-volt 
portable battery, 12, and the difference is read on 
As the current 


does not change linearly with the distance ol sep 


the 100-microampere ammeter, 8 


aration of the coils, the scale is not linear It is 
expedient to have several resistances, .Y, ), and 
Z in the primary ecireuit, and V', Y", and Z! in 
the secondary circuit so that the total range 
which is broken into three ranges, is open enough 
to be read to 0.0001 in. By using a multiple gang 
switch the various resistances for the primary, 4, 
and the corresponding resistance for the secondary 
10, may be thrown in simultaneously 

Occasionally a small shift in the calibration may 
result from wear of the points or changes in the 
This may be 

Should the 
ranges shift away from each other, resistance 3 
may be varied to bring them back into adjustment 
with each other. If all the ranges shift propor- 


tionally, resistance 2 may be used to correct the 


electrical constants of the circuit. 
readjusted with variable resistances. 
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Fictre 3. Electrical circuit 
Constant voltage transformer; 2, resistance for adjusting ranges r 
the primary for the three ranges; 5, primary coil; 6, secondary coil; 7, instrumen 
10, resistances to regulate the bucking current for the three ranges, including a 400 
ing bucking circuit; 12, battery for bucking circuit 


error Sometimes it becomes necessary to read- 
just the current of the bucking circuit; for example, 
because of deterioration of the dry cell. To test 
for a shift occurring in the bucking circuit, the 
reversing switeh, 9, and the switch opening the 
primary circuit, both of which are connected to 
the multiple gang switch, are thrown. At this 
position on the gang switch, a special 400-ohm 
s thrown in series with the 


resistance (see 10 
bucking circuit to give a definite reading on the 
scale If the resultant reading shows that the 
bueking current has changed, it may be readjusted 
by the variable resistance, 11 The gage may be 
checked quickly with two standard gage rings, and 
if a shift does occur it may be remedied easily 
with the use of the gang switch and the adjustable 
resistances 

The electric gage has several advantages. 
1) It is a quick and accurate method of deter- 
mining the diametet 2) As it is a continuous- 
reading instrument, the profile of the entire bore 
may be seanned and the deviations revealed 
3) The sensitivity of 0.0002 in. holds over the 
entire range of 0.02 in. without recalibration 
This is a larger range than the air gage or the 
star gage will cover with comparable accuracy. 
$4) The electrical cireuit operates from a H0-cx cle 


source and is comparatively simple, requiring no 
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e for synehre ring range 4, re tances for regulating the current thre 
ng switch to check the bucking circu 


ym re tance t heck the bucking circuit current; 11, re tance for ad 


specialized equipment, such as an electron 
amplifier. (5) The total range of 0.02 in. may lx 
extended without requiring recalibration by e) 
changing the gage points for another pair and 
taking the difference in height of the points mto 
consideration, (6) The gage is relatively inexper 
sive. (7) The total range is broken into thre: 
short ranges. The ranges are quickly shifted by 
the turn of a switch, and they do not requil 
recalibration when this is done. 

The electric gage has been in intermittent use for 
about 3 vears, and it has remained in good work 
ing order during that time except for an occa 
sional renewal of the battery. Various modific: 
tions of the gage can be made to increase its rang: 
or its sensitivity. The nearer the gage points ar 
situated to the Y of the fork, the greater will bi 
the mechanical magnification of their motion by 
the solenoids. One gage was built with the gag 
points situated on the ends of the prongs of thi 
fork, in order to obtain a wider range with, how 


ever, a reduced Sensitivity Another variation 


the use of the gage was to connect the output to 


a recording potentiometer instead of to the micro 
ammeter. In this way a continuous record of th: 
profile of the bore of a tube can be obtained 
This feature of the instrument has not been full) 


developed. 
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Effect 


of Boron on the Structure and Some Physical 


Properties of Plain Cast Irons 


By Alexander I. Krynitsky and Harry Stern 


The effects of boron additions, ranging 


from 0.001 to O.48 percent, on the properties of 


various gray cast irons were determined by casting chill plates, wedge castings, and arbitration 


bars. Cooling curve data indicated that during solidification boron produced an undercooling 


effect, which inereases with increasing boron content 


chill plates and wedges, as well as the hardness of arbitration bars and chill plates 


decreases the size and quantity of graphite, 
nerease the amount of eutectic structure 
islands and “‘structureless islands’ in the cen 


nrent 
! 


I. Introduction 


The element boron lies between beryllium and 
arbon im the periodic table and has the atomic 
umber 5. It falls in the third group and possesses 
a relatively small atomic radius (approximately 


4) fe 


its similarity to carbon. 


These characteristics of boron suggest 
This similarity has been 
emphasized by Tschischewsky |2], who observed a 
alloys and 


pearlitic constituent in iron-boron 


called it “boric pearlite.”” The existence of iron 
boride, Fe.B, contaiming 8.83 percent of boron, 


This boride 


soluble to some degree in delta, gamma, and 


pears to be fairly well established 


pha iron, but investigators disagree as to the 
mit of solid solubility. Thus, the iron-boron con 
titution diagram ? in the Metals Handbook [3] 
licates that the boron solubility is less than 0.15 
ercent at 915° C, and decreases with decreasing 
iperature to about 0 percent at 700° C. How- 
er, the diagram in the International Critical 
ibles shows a boron solubility of 0 percent at 
00° C and an increasing solubility with decreasing 
mperature reaching a maximum of about 0.2 


ereent at 700° C 


rram (page 1LIS2 essentially Hanset 
diagram of those presented by Hanneser 
rand Muller [¢ 
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“Structureless”’ e1 


Boron increases the depth of chill ir 
Boron 


increases the free carbide content, and tends to 


velopes around the pearlit 


entite matrix accompany an increase in the boro 


The equilibrium diagram of the iron-carton- 
boron allovs as determined by Vogel and Tam- 
mann {7] is shown in figure 1 (the shaded area 
was incorporated by the authors and will be re- 
ferred to later). Vogel and Tammann state that 
the limit of solid solubility of boron in alpha iron 
at room temperature is 0.08 percent and = the 
ternary solid solution Fe-FesC-Fe,B transforms, 
when cooling to room temperature, into pearlite 
composed of two solid solutions FeB and Fe,C- 
Fe.B 

The effect of boron on the properties and be- 
havior of ferrous metals received a little attention 
in the early 1920’s when Burgess and Woodward 
8] reported difficulties in the hot-rolling of steels, 
that contained 0.49 percent of boron, and Walter 
9) stated that iron, steel, and their alloys contain- 
ing boron in amounts of 0.2 to 2 percent were 
too hard and brittle to be of value. 

Interest in the effect of boron additions to 
ferrous metals has received increasing attention 
since about 1940. Schwartz [10], Tisdale [11], 
and Joly [12] showed that additions of approxi- 
mately 0.001 to 0.003 percent of boron improved 
malleable iron. 


the annealing behavior — of 


Schwartz [13] showed that additions (not to be 
confused with recoveries) of 0.1 and 0.04 percent 


of boron to white iron enormously increased the 
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0.88 percent of boron prevented graphitization. 


graphitizing rate measured at 900° C, but that 


Bastien and Guillet [14] studied the effect of 


0.046 to 0.385 percent of boron in cast iron that 
contained 3.09 to 3.65 percent of total carbon, 
about 1.45 percent of silicon, 0.45 percent of man- 
ganese, 0.06 percent of phosphorus, and 0.01 per- 
cent of sulfur. Their results showed that the 
number of graphite particles decreased with in- 
creasing boron, this diminution becoming § pro- 
nounced at 0.18 percent of boron. At the same 
time the length and thickness of the graphite 
flakes tended to decrease and accumulate in 
‘eolonies.”” Boron also was found to retard graph- 
itization during annealing by slowing down the speed 
of decomposition of cementite. They stated that 
the depth of chill decreased for boron additions up 
to 0.1 percent and ther increased uniformly. They 
further reported that boron raises the hardness, 
transverse strength, modulus of elasticity, and 
shear strength of gray cast irons but reduces their 
capacity for deformation. It was also shown that 
boron uniformly and rapidly raises the cementite 
Curie point, Ap (cementite magnetic transforma- 
tion point), a result that confirms the existence of 
the complex cementite FesC-Fe,B postulated by 
Vogel and Tammann [7]. 

The work of the investigators cited in most 
cases suggests that iron forms a compound with 
boron of the composition Fe,B and, in combination 
with carbon, probably forms a complex cementite 
FeC-Fe.B. 


treated irons Fe—B solid solution may he present 


It is also probable that in the boron- 


per se or as part of the pearlite composed of the 
two solid solutions Fe—B and Fe,C-Fe,B. 


II. Scope of Investigation 


The purpose of the present investigation was to 
secure additional information on the effect of boron 
on certain significant properties of plain gray irons. 
Nine different stock irons, of the compositions 
given ip table 1, were used. These irons were re- 
melted, and boron in amounts up to 0.48 percent 
was added. The range of carbon and boron 
contents in the melts thus prepared falls within 
the limits of the shaded portion of the terpary 
diagram in figure 1. The effects of boron addi- 
tions on the transverse-test properties, depth of 
chill, hardness, solidification characteristics, and 
structure of these cast irons were studied. 


466 








Equilibrium diagram of Fe-FesC-Fe:B a 


Ficcure 1. 
at room temperature, Vogel and Tammann [7] 


Shaded portion indicates the range of the carbon and boron content 
irons studied 


Ill. Preparation of Specimens 
1. Irons 


There was considerable variation in the analyses 
of different pigs of the same lot of stock iron used 
in this investigation, except for lots B, C, D-107 
and G-137. Therefore, the analyses given 
table 1 are average values in many cases. lrons 
B and C were specially prepared pig irons and th 
Irons D-107 
and G-—137 were prepared from pig irons D and G 


pigs were of uniform composition. 


remelted to improve their chemical homogeneity 
It is noteworthy that the stock pig irons used in 
this investigations contained from 0.001 to 0.006 


TABLE | Composition of basic pig irons used in prepa 
heats with different boron contents 
Chemical anal 
Ire 
1¢ = M l s | 
B ‘79 1.wW 0.63 OISL O02) 0.029 
( 44 2435 t05 05 O55 “ 
D> 56 1.71 74 5S O38 OSS Ll 
1)-Ww7 i 80 1. 66 70 4 034 100 oo 
k 4.14 1. 48 4 O5 022 075 Oo 
k 3. 51 2. 85 19 80 032 105 00. 
i 3.61 2. 6 6s 78 045 12 OO. 
(3-137? 3.31 2. 29 w i 025 oy . 00 
H 3. 55 2.73 24 82 021 . 022 001 








! Remelted iron D. 
2 Remelted iron G. 
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percent of boron (table 1) before any experimental 
additions of this element were made. Appreciable 
:mounts of titanium, ranging from 0.022 to 0.12 
percent, were also present in these irons. 

Boron additions in the present work were made 
» the form of ferroboron containing: B, 11.71; C 
0.60: Si, 4.04; P. 0.020:S, trace: Fe, 83.63 percent. 
Proprietary alloys, which contain boron generally 
employed for boron additions to steel [15], were 
not used because they contain large amounts of 
other elements, such as nickel, titanium, silicon, 
“irconium, ete The results of the chemical 
analy ses of different heats of the boron-treated and 
intreated irons showed a consistent decrease of 
earbon with an increase in the boron content; 
phosphorus remained practically unchanged. Sili- 
con, manganese, and sulfur contents varied, 
although not consistently with changes in boron 
ontents 

In a number of cases the scrap remaining from a 
boron-treated heat was remelted one or more 
times for additional specimens. Results of chem- 
eal analyses showed that no significant loss in 
occurred during remelting 


ron operations. 


Digges and Reinhart [16] have reported that 
appreciable amounts of boron were retained in 
steels after remelting in an induction furnace under 


normal and highly oxidizing conditions. 


2. Molds 


Green, dry, and core sands were used in prepar- 
ne the molds. The green-sand mixture consisted 
of eight parts of Lumberton molding sand and one 
part of sea-coal, tempered to approximately 7 per- 

ent water content. The average properties of this 
sand mixture, tested according to American 
Foundrymen’s society specifications are as fol- 
lows: Permeability number 40, green compressive 


12 Ib/jin.?, A. F. 5S 


imber SO 


strength, standard hardness 
For the same sand mixture in the 
dried condition, permeability was 55 and dry com- 
pressive strength 120 Ib/in Core sand for molds 
and skim gates contained by volume approximately 
S3 percent of silica sand A. F. 5. grain-fineness 90 
to 120, 2.5 percent of corn-flour binder (Mogul), 
1.0 percent of linseed oil, 14.0 percent of silica 
flour, 0.5 percent of Western bentonite, and 0.5 
percent of kerosine. 

The core sand molds were baked at 425° to 
450° F, 75 minutes for each 1-in. cross section. In 
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this condition the permeability of the sand was 28 
and the compressive strength 830 Ib/in 


3. Specimens 


The transverse properties were determined on 
evlindrical bars 1.2 in. in diameter with an 18-in 
span. At the beginning of the investigation these 
bars were bottom poured in green sand molds in 
groups of four. However, it was found that bars 
with a high boron content cast in this manner 
developed shrinkage cavities appearing along the 
longitudinal axes. Therefore, the mold design was 
changed, to accommodate top-pouring in individ- 
ual molds made of core sand and baked. Four of 
these molds were assembled (fig. 2) in a flask, heap 
sand rammed tightly around them, and a common 
pouring basin cut to permit simultaneous pouring 
Each mold was provided with its own filter gate, 
2'-in. outside diameter * in. thick with a ®j¢-in 


diameter central hole. Figure 3 shows the bars as 


Figure 2. Dry core sand molds assembly used for the 1.2-in. 


transverse-test bars. 
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Transverse-test bars 1.2 in. in 


in adry-core sand mold. 


east. All test bars were allowed to cool in the molds 
for approximately 20 hours before being removed 

Plate specimens 4 by 4 by 's in. (fig. 4), and 
wedge specimens 2's in. wide at the base, 3 in. high 
and 4 in. lone (fig. 5). were used to evaluate the 
influence of boron on the susceptibility to chill 
The plate specimens (fig. 4), were cast with the 
bottom side in contact with a heavy iron chill 


block 


dry sand molds 


The wedge specimens fig 5) were cast into 
Key hole-ty pe specimens were not 
found suitable for these tests 

In the initial part of the investigation, the plates 
were cast in green-sand molds; subsequently dry 
sand molds were used. These latter were pre- 
pared by drying the assembly of mold and chill 


block in a core oven at approximately 425° F 
218° C 


temperature 


for about 4 hr and cooling to room 


The plates and wedge specimens 
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were cast from each heat to measure the el 
characteristics of the various compositions. Ho 
ever, the plates could not be used asa criterion 
susceptibility to chill for irons which possesse« 
high chilling tendeney, since they became wh 
throughout the entire depth of the plates. | 
such irons the chill depth was measured on 1 
slower cooling wedge. The plates and wedg 
were removed from the molds 20 min after pou 
ing and allowed to cool to room = temperatu 


before being fractured 


4. Casting Procedure 


The irons were melted in two types of hig! 


frequency induction furnaces, a 300-lb) tiltu 


Fiaure 4. 
hottam side A-B against a heavy iron chill block 


Chi l-plate specimens cast in sand mold w 
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Figure 5. Chill-test wedge specimen cast in dry sand mold 


A-B shows plane along which specimens were fractured. 


200-lb. 
lift-coil furnace with a clay-graphite crucible. 


tvpe with a magnesia crucible and a 


Two methods of adding ferro-boron to the 
iron were used. At the beginning of the investi- 
gation a small portion of the molten metal was 
poured into a preheated crucible to which the 
ferro-boron was added; the balance of the molten 


metal was then poured into the same crucible. 





Ficure 6. The mocou ple assembly used in measur ing the 
te m peratures of molten cast iron. 
A, Thermocouple-handle enclosing extension leads; B, thermocouple 


tion with extension leads; C, platinum-platinum rhodium thermocouple 
Wires, D, two-hole porcelain insulating tube; E, porcelain tube; F, graphite 
t lock nut; H, pipe tee; I, r 


tube; G, split ipplied to graphite 
nsulating plate 


fractory coating 
ibe: J. he 
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* Subsequently it was found that a more suitable 


method was to add the ferro-boron to the iron in 
the furnace at approximately 1,450° C, (2,642°F.). 

In order to maintain the effect of superheating 
as constant as possible all melts were heated 
to 1,500° C, (2,732° F.) and poured at approxi- 
mately 150° C. (270° F. 
iron in each case, 


‘ 


above the liquidus of the 


Temperatures of the molten metal were meas- 


ured by means of a platinum-platinum = 10- 
percent-rhodium thermocouple that was protected 
by a closed-end glazed porcelain tube contained 
in a closed-end graphite tube (fig. 6). The portion 
of the graphite tube in contact with the molten 
metal was protected by a coating of aluminum- 
oxide cement covered with a mixture containing 
95 percent of zirconium silicate and 5 percent of 


bentonite. 


IV. Experimental Results 


l. Effect of Boron on the Solidification 
Characteristics of Cast Iron 


The solidification characteristics of a number of 
heats of cast irons were determined by making 
“inverse-rate”’ The time (in 
seconds) required for a 0.05-millivolt increment 


cooling curves. 
drop in the thermocouple potential was measured 
by the During 
test the crucible was covered with a lid. 


two-stopwatch method. each 

It was recognized that cooling the molten metal 
in air and using the type of thermocouple assembly 
previously described (fig. 6) did not permit the 
precise determination of the temperature at any 
given instant. In order to obtain comparable 
results, the conditions of test were maintained as 
uniform as reasonably possible. Thus, in each 
case, SO lb of stock iron was melted, heated to 
1. 500° ¢ 


temperature while the data for a cooling curve 


‘ and allowed to cool to below the solidus 
were obtained. The metal was then reheated to 
1,.450° C 
1,500° C 
temperature while the data for another curve 


ferro-boron added, then heated to 


and allowed to cool to below the solidus 


were obtained. 

The cooling curves were used to evaluate the 
effect of boron on a comparative basis only, and 
since the test conditions were practically the 
same, the changes that occurred were attributed 
to differences in boron content. In one series of 


experiments, boron was added to four separate 
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heats of stock iron G—-137 in amounts of 0.085, Cooling curves for the other two heats consistently 
0.17, 0.29, and 0.33 pereent. A fifth heat was followed the trend shown by the illustrated curves 


made with no boron addition 
for three of the heats (table 2 


The cooling eurves 


are given in figure 7. 


} determining the 
ool ng ¢ aa , , n figure 
i 
Noun r I I I 
i “) 2 24 1 “wo oO O04 im 
(i “4 Pal) it I 24 17 
G ‘ 2 4 hs O24 


a drop in the arrest temperatures and narrowing 
of the temperature differences between the arrests 
with an increase in boron content. 

No 


only 


boron was added 


140 for whiel 
determined. Two 
cooling curves were determined for each of the 
heats 141 and 144, one fer the untreated and the 
other for the iron. The 
curves of melts 141 and 144 before treating wit! 
boron were similar to the cooling curve of heat 140 


to melt 


one cooling curve was 


boron-treated 


cooling 


Experiments showed that practically no chang: 
in the curves occurred due to remelting. 
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On the basis of the results shown in figure 7, 

is concluded that within the limitations of the 
ests made the undercooling effect increased as 
the boron was content increased. It is noteworthy 
that the second recalescence reaction shown on the 
ooling curve of heat 144 containing 0.17 percent 
of boron was considerably more pronounced than 
that of the untreated iron, heat 140. As the boron 
nereased, the temperature differential between 
the first and second recalescence reactions became 
smaller until the cooling curve of the boron- 
treated heat 141 containing 0.33 percent of boron 
showed only one such reaction. These observa- 
tions indicate that as the boron content increases 
na given iron, the composition approaches the 
eutectic where the apparent liquidus and solidus 
are merged into one reaction of heat evolution. 
This suggests that with the increases in boron 
content, the amount of eutectic in these irons 
also increases. This observation is in agreement 
with Sehwartz [13], who suggested that a large 
addition of boron (0.88%) to white cast iron 
produced “an enormous shift to the left of its 


eutectic pot ss 


2. Effect of Boron on the Strength, Brinell Hardness, 
and Microstructure of the Transverse Cast-Iron 
Bars 


The cast bars, 1.2 in. in diameter, were tested 
on a hydraulic universal testing machine under 
conditions described in previous Bureau publica- 
tions [17, 18}. In every case the speed of the 
cross head of the testing machine was 0.12 in. 
min. The relative modulus of elasticity was cal- 
culated from the slope of the secant to the load- 
total deflection curve at a load of 1,200 Ib. This 
method avoids the tedious procedure of establish- 
ng the total, plastic, and elastic load-deflection 
curves by means of stepwise loading and unload- 
ng |19, 20] 

A *yin.-thick disk was cut from each broken 
transverse-test bar adjacent to the fracture and 
ised for Brinell-hardness determinations. Two 
ndentations were made with a 3,000-kg load on 
each disk, one at the center and the other at a 
point midway between the center and periphery. 
The hardness number of a given specimen was 
based on the average of the two indentations. 
In plain-carbon irons the amount of total carbon, 
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silicon, and phosphorus, as well as the maximum 
heating and pouring temperatures, are principal 
factors influencing their physical properties. As 
the pouring temperatures were approximately 
constant, the significant factors to be considered 
in studying the effect of boron on different prop- 
erties are the total carbon, silicon, and phosphorus 
contents. 

In classifying different plain cast irons it is 
convenient to use the so-called “carbon equiva- 
lent value” rather than percentages of each ele- 
ment. There are several empirical formulas for 
determining this equivalent value suggested by 
different authors [21, 22, 23]. The most generally 


+-0.3 (% Si+% P), 


is used in 
Although this formula 
may be somewhat less applicable to high-boron 


accepted one, q ( 


the present discussion. 


irons than to the plain irons, it is considered that 
it will serve for the limited classification purposes 
herein discussed. 

For the same type of iron, with factors other 
than carbon equivalent remaining approximately 
constant, the strength and Brinell hardness will 
There- 


fore, in ascertaining the effect of boron on the 


vary inversely with the carbon equivalent 


transverse properties and Brinell hardness of a 
given type of iron, only those heats possessing 
approximately the same carbon equivalent were 
considered. 

Examination of the fractured transverse-test 
bars (table 3) revealed three classes of fractures, 
based on their appearance, namely, gray, white 
network, and mottled. The color of the gray 
fractures for different bars ranged from dark gray 
to light 
varied from 140 to 220. 


Brinell numbers for this class 
Brinell numbers of those 


gray. 


having a white network were from 220 to 285 and 
for the mottled fractures, 295 to 427. 

Table 3 in most cases, (heats E-ISB and E-24; 
H-SA and H-SB; F-49 and F-57) 


for bars with gray fractures made from heats 


indicates that, 


having approximately the same carbop equivalent, 
an increase in the boron content increased the 
Brinell hardness and moduli of rupture and elas- 
ticitv. The appearance of a white network or 
white specks on the fractured surfaces of the test 
bars usually was accompanied by a drop in the 
transverse strength and deflection, and an in- 
crease in the modulus of elasticity and Brinell 
hardness. 














TABLE 3 Transverse and Brinell hardness tests 
/ 
hh 
Carbon Moduli i. 
Hh equivalent ] defle Prine ; 
lror nur BR C402 thor herdinne Appearance of fracture 
me Si+P Rupture — 
}) | 
j Ls fies . i 
Kh \ 418 2 7x10 12. USA Om tid (iray. 
K KB 0. 080 a 24 17. se 1 221 Light gray 
B ' 12 os His 17.4 ! 24s White network 
Kh ! iu 4 2 71.2 Os wn Mottled 
‘ \ i] 4.2 l ps | 17 (iray 
‘ 258K im iim “A 4 I ” ih) wre Do 
( ‘4 ‘ 3.0 4 13 21s White network 
I sA 14 14 427 2 0 Dark gray 
i} sh “a 421 i Ss 7H ss eto (iray 
} nm oe 117 is 3 11.43 i 170 Do 
I i iwil 4.22 is | 11. 4 a4 75 Do 
L , 1 1.2 4 aM LD 05 Mottled 
(i HHA a4 iv 1M 22 1 (iray 
Gi iw OOM 14 ws 13.8 21 21 Light gray 
“i nn m2 1a Mi Ww y 2 107 Do 
a 143 Os on 527 mH In 225 Do 
Gi i” 17 iol "2 71 1 D7 White network 
Gi “4 mal) tS 2.2 24 “7 M41 Mottled 1 
a ia! ] 8. OF 7.0 127 Mottled almost whit« ' 
H sA iw wit 1. 41 mM 17 Dark gray 
H sb (Gs 0 Al4 12. 48 2 Is (Ciray 
ia st th 2 m0 146 Ww ere | White network 
F is 08 iM 41.0 04 21 157 Dark gray 
F wv ms iu 42.0 06 a4 157 Do 
I 7 It 441 4 13.6 17 iw Light grav 
3. Microstructural Features of pearlite and ferrite (fig. 8, B), whereas those of 
the irons containing 0.085 and 0.17 percent of 
Microscopic examinations were conducted on boron consisted principally of pearlite and car- 
specimens cut from the transverse bars and the bides (figs. 9, B, and 10, B). With a further 
chill-test plates. Typical structures of the trans- increase in boron (0.29%) the structure consisted 
verse test bars cast from different heats prepared of islands of pearlite and cementite (fig. 11, B 
from the same basic iron but containing various Some of these islands contained pearlite sur- 
amounts of boron are illustrated in figures 8 to 12. rounded by an envelope, whereas others showed 
Figure 8 shows the structure of untreated iron, only traces of pearlite. As the structure of the 
whereas figures 9 to 12 are representative of the envelopes surrounding the islands of pearlite Is 
irons containing 0.085, 0.17, 0.29, and 0.33 percent practically undefined at the magnifications used 
of boron, respectively. It may be noted (table 3 in this work, they will be referred to as “structure- 
that the fractures of the bars containing more than less’. When the boron content was increased to 
0.29 percent of boron were cither mottled or prac- and above 0.33 percent, most of these islands 
tically white. showed only faint or no structure and in the 
As previously stated, boron produced an under- present discussion will be referred to as “‘structure- 
cooling effect, but contrary to expectations, no less” (fig. 12, B). 
undercooled fine graphite structure, such as Allen [25] showed structureless envelopes sur- 
described by Norbury [24], was observed in the rounding pearlitic areas in chilled cast iron, and 
microstructures. As the boron content increased, he concluded that they were austenite. As thi 
the amount of graphite decreased, and the graphite authors have suggested, high-boron contents 
flakes were reduced in size. The structure ot the (approximately 0.39% and higher) produce . 
irons without boron addition consisted essentially considerable shift of the eutectic point of the i 
E 
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on-carbon constitution diagram to the left, and 


depending on whether the iron composition is 
he microstructure of such irons at their solidi- 


hypoeutectic or hypereutectic. With further cool- 


cation temperatures may be expected to consist ing, the austenite usually transforms to pearlite, 


so that the white iron structure at room tempera- 
ture consists of pearlite, cementite, and possibly 
some untransformed austenite. 


if the austenite-cementite eutectic (Ledeburite), 
lus either saturated austenite (gamma iron with 
arbon) or hypereutectic (primary) cementite, 
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Figure 8 Typical microstructure of transverse test bars of plain cast tron. 


tal carbon, 3.17 percent; graphitic carbon, 2.68 percent; combined carbon, 0.49 percent; Si, 2.24 percent; P, 0.69 percent, Mn, 0.46 percent; 8, 0.022 percent 
4 percent; modulus of rupture = 56,800 Ib/in.2; F 13.8 10° Ib/in.2; Brinell hardness num ber=215; basis metal is stock iron G-187. A, Unetched, «100 
| i with | percent of nital, «500 





PIiGure ¥. Typical microstructure of transverse lest bars of boron-treated cast iron. 


il carbon, 3.15 percent; graphitic carbon, 2.37 percent; combined carbon, 0.78 percent; Si, 2.30 percent; P, 0.71 percent; Mn, 0.47 percent; 8, 0.024 percent 
B, 0.085 percent; modulus of rupture =52,700 Ib/in; F 16.6 10° Ib/in.*; Brinell hardness number = 225; basis metal is stock iron G-137. A, Unetched, 10 
HK. etched with 1 percent of nital, «500 
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Ficure 10. Typical microstructure of transverse te 


st bars of boron-treated cast iron. 


Total carbon, 3.11 percent; graphitic carbon, 1.98 percent; combined carbon, 1.13 percent 


17 percent; modulus of rupture = 46,200 Ib/in.2; EF 17.1<106 Ibyin 
etched with | percent of nital, «500 


B, « 
I 


Si, 2.29 percent; P, 0.71 percent; Mn, 0.46 percent 


S, 1.024 percent; 
Brinell hardness number = 267 


basis metal is stock iron G-187. A, Unetched, «100; 
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Potal carbon, 2.98 percent; graphitic carbon, 0.72 percent; combined carbon, 2.26 percent; Si, 2.22 percent; P, 0.69 percent; Mn, 0.40 percent; =, 0.020 per 
B, 0.29 percent; modulus of rupture $2,270 Ib/in.2; F 21.4 10° Ib/in.*; Brinell hardness number =341; basis metal is stock iron G-187. A, Unetched, 


B, etched with 1 percent of nita <1500 


A number of tests were conducted in the 
attempt to ascertain whether boron, when present 
in sufficient quantity in cast iren, may suppress 
the transformation of austenite at room tempera- 
tures and produce envelopes of austenite, such as 
Allen irons. At first, 
Knoop 100-g 


load, were made to determine the relative hardness 


reported for plain cast 


microhardness tests, using a 


of the constituents. For the same purpose, the 
Bierbaum seratch hardness tester was used. The 
latter instrument produces a scratch by drawing a 
hard stylus under constant load across a polished 
particular 
instance the load was 1.5 g. The seratch pro- 


surface of the specimen. In_ this 
duced was very fine and could be detected only 
under the microscope at high magnification. 

A number of Knoop microhardness determina- 
tions were made, under similar conditions, on a 
specimen containing 0.33 pereent of boron. The 
indentations made on the structureless islands 
were much larger than those made on the cement- 
ite (fig. 13). As variations in the microhardness 
numbers may be caused by such factors as differ- 
ence in erystal orientation; differences in the 
thickness of the microconstituent at the site of the 
impression permitting possible penetration of the 
indenter into a softer or harder underlying strue- 
ture; and the appearance of cracks in the specimen 
around the indentation [26, 27], these results are 
not considered absolute values for the hardness. 
However they do indicate the relative hardness of 
the constituents, and it may be concluded that the 
island constituent is softer than the cementite 
matrix surrounding it. Another difficulty lies in 
confining the identation solely to the area or 
constituent under investigation, particularly if 
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these areas are very small. The Knoop miecro- 
hardness test results were substantiated by thy 
seratch-hardness test) values. Examination at 
high magnification revealed that the narrow por- 
tions of a serateh (indicating higher hardness 
occurred on the cementite areas, whereas 


wider parts (lower hardness) occurred in thy 
pearlitic and structureless-island areas. 

The second series of tests consisted in quenching 
specimens, similar to those tested for hardness, in 
liquid air to ascertain whether transformationa 
changes would oceur in the structureless islands 
The first specimen was examined microscopically 
at 1,500 diameters and a ring scratched around a 
suitable area containing islands of the constituent 
presumed to be austenite. The specimen was 
then immersed in liquid air for ' hr., removed 
from the bath, allowed to reach room temperature 
and reexamined microscopically. Another speci- 
men taken from a bar poured from the same mel! 
as the first specimen and having the same structure 
was given a slightly different treatment. This 
specimen was immersed in liquid air for 3 min 
removed from the bath for 3 min; then immersed 
for 5 min, removed for 3 min; then immersed 
again for 4% hr. This procedure was followed to 
set up stresses within the specimen to facilitate 
the start of austenite transformation. A third 
similar specimen was immersed in the liquid-au 
bath for i brand 10 min. In no case was a change 
in the structure of the specimens observed. 

In the next series of tests two additional speci- 
mens were taken from the same bars (melt 14! 
from which specimens were cut for hardness and 
liquid air quenching tests. Both specimens were 
1.2 in. in diameter. One of them was 1}; in. long 
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Fieure 12. Typical microstructure of transverse test bars of boron-treated cast iron. 
‘ ‘ nt; graphit arbor S percent; combined carbon, 2.47 percent; Si, 2.52 percent; P, 0.68 percent; Mn, 0.44 percent; 5, 0.024 percent 
lulu rupture 7 AM TP Brinell hardness number = 427; ba s stock iron G-137. A, Unetched, «100. B, etched with 1 percent 
the other *, in. The *,-in. specimen was polished, 
etched, and examined under the microscope. 
The structure was similar to that shown in figure 
2B, F. G, H. The 1-in. specimen was sub- 
ected to a magnetic test, and the magnetic 
saturation value, £2,, was determined to be 
ipproximately 15.3 kilogausses. Both specimens 
vere then annealed for 6 hr at 680° C in an electric 
iir-muffle furnace. The 1}j-in. specimen = was 
again subjected to the magnetic test, which 
showed that no significant change in the magnetic- 
saturation value, ?,, had been caused by anneal- 
ng. The annealed *j-in. specimen was given a 
light polish to remove the thin oxide film from the 
surface, etched, and examined microscopically. Figure 13. Micrograph showing Knoop hardness indenta- 


\ comparison of its strueture (fig. 14) with that 
12B) shows that the strue- 
unaffected by the annealing 


before annealing (fig. 
tureless islands were 
treatment. Most 
spheroidized, and some of the islands that pre- 


of the pearlitic areas had 
\ iously contained pearlite at their centers showed 
only a few clobules of coalesced cementite. 

that the 


boron-treated 


results suggest structureless 


of the 
Further, the hardness tests indicated 


These 
components irons are not 
austenite. 
that these constituents are not cementite. These 
considerations lead the authors to suggest that 
the structureless envelopes surrounding the pearl- 
ite areas are ferrite; the structureless islands con- 
sist of very fine pearlite unresolved by the light 
microscope. It is probable that we are dealing 
here with complex ferrite and pearlite. 

Previous investigators have suggested that the 
presence of the complex constituents ferrite (Fe B), 
pearlite (Fe B-Fe,CFe.B), and cementite (Fe;C 


e.B) in the boron-treated irons is very probable. 
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tions on different structural components of transverse test 
har cast from stock iron G-13?. 


0.68 percent; S, 0.024 px 


5 percent; Mn, 0.44 percent; P, 
Etched with | percent of nita 


Total carbon, 3.0 
<M) 


Si, 2.32 percent; B, 0.33 percent 
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Figure 14. Microstructure of transverse test bar prepared 


from stock iron G-137, heat 141 (same bar was used fo 
specimens whose structures are shown in fig. 12). 


Specimen annealed at 680° C for 6 hr. Etched with 1 percent of nital, X1,500 
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It is also likely that the behavior of these complex 
constituents is quite different from that of the 
constituents of plain cast iron. 

The authors, in their microscopic analysis, 
using different etching reagents, failed to detect 
any difference in appearance between the carbides 
of the boron-treated and untreated irons. The 
authors also failed to detect the envelopes of in- 
soluble constituent described by Tisdale [2S], as 
well as the boron constituent observed by Grange 
and Garvey [29] in boron-treated steels, appearing 


as a single or multiple row of dots 


4. Effect of Boron on the Chilling Properties, 
Hardness, and Microstructure of the Cast Iron 
Chill Test Specimens 


The depth of chill determined on the plate and 


wedge specimens, (figs. 4 and 5) was taken as a 
criterion of the susceptibility to chill of the differ- 
ent irons. To measure the depth of chill the plates 
(fig. 4 
to the chilled side; the wedge specimens were 


broken along the full length of the groove AB 


were broken at the middle, perpendicular 


effect of boron contents on the fracture sectic 1s 
of chill plates and chill wedges cast from differ 
melts, each of a different boron content and m: 
of the specially prepared stock iron of unifo 
(table 1, stock iron D-—107). 

these castings were made under similar melt 


composition 
and pouring conditions. There was a pronoun 
increase in the depth of chill with an increase 
the boron content An increase in the boron «¢ 
tent is accompanied by an increase in the wh 
network of the gray portions of the castings (fi 
15 and 16). The chilled areas of the plates us 
ally consisted of two zones, a completely wh 
zone, so-called clear chill, and a partly chilled 
mottled zone. For trons containing large amour 

of boron, 0.32 percent and higher (figs. 15 and |) 

the chill plates proved inadequate for measuring, 
the depth of chill 


taining 0.32 and 0.35 percent of boron are whit 


The fractures of plates cor 
and mottled (fier. 15, k and (i), whereas thos 
containing 0.37 and O48 percent of boron ar 
wholly white (fig. 15, H and J Black areas or 
the photographs (fig. 15, H and J) are shadows 


cast by projecting portions of the fractured edg: 





(fig. 5 Figures 15 and 16 show the whitening 
Figure 15 

Stock iron D-107. Boron content 
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Chill-plate fraciures. 


A, 0.002 percent; B, 0.055 percent; C, 0.06 percent; D, 0.16 percent; E, 0.20 percent; F, 0.32 percent; G, 0.35 percent; H, | 


percent; J, 0.48 percent 
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Figure 16 


percent 


16, D, E, F, G, 


In the wedges 


The black areas shown in figure 
HH, and J, 


contaming 0.. 


are shrinkage cavities. 


5. 0.37. 


and 0.48 percent of boron, 
the 
portion of the wedge, containing 0.48 percent of 


the mottled zones were absent, and white 


boron (fig. 16,1), consisted of a massive columnar 
structure, whereas the white fractures of the other 

G and H 
The depths of chill of the plate 
The 
depths of chill of the plates are expressed in per- 
The depths of 


chill of the wedges are given in inches. 


wo irons (fig. 16, showed randomly 
oriented ervstals. 
and wedge specimens are given in table 4 
centage of their height (4 in 
Vickers hardness determinations were made on 
clear chill) of the chill plate 
The results of 
the Vickers over-all hardness values are presented 
107. 
In general, an increase in the Vickers numbers 
The 
relationship was particularly significant for the 


the white portion 


specimens, by using a 50-kg load 
n table 4 for various heats of stock iron D 
accompanied an increase in boron content. 
irons 


contamimng to 0.48 percent of boron. 


This correlation existed only among specimens made 
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B, 0.055 percent; C, 0.06 


perce 


Chill-wedge fractures. 


nt; D, 0.16 percent; E, 0.20 percent; I 


iS percent 


from the same basic irons. It is noteworthy that 
the Vickers hardness number of the chill plate con- 


taining 0.48 percent of boron was approximately 720 


TABLE 4 Influence of boron content on the depth of chill 
and hardness of castinas 
All heats were made from basic stock iron 1D) 1 
Deptt } Hard 
tests made 
( Chill wed | 
He B 
in | 
} Vick 
\ ot OV 
‘ 1 p M | ' 
\ tled ! 
ie 
OS , i 
s 25.0 
§ " uv il { ' 
i t 21 2 0 ) i al 
2 24.1 ow { Om ot 
2 » 0.0 " 1M) u) y 
i) t1.¢ nu ” 2K 0 24 au 
1 i loo 2 ™) } 2 i 
is 1K " ) r q 
Figures 15 and 16 show the ired surface he chil " t 
plates and wedge listed intl ibl 
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4 
b, \ 


Etched with | percent of nital, 1,500. A, Total carbon, 3.17 percent; Si 





Microstructures of chill plates prepared from stock iron G-137. 


24 percent; P, 0.69 percent; Mn, 0.46 percent; 8, 0.022 percent. B, 0.004 percent 


B, Total carbon, 3.15 percent; Si, 2.30 percent; P, 0.71 percent; Mn, 0.47 percent; 8, 0.024 percent. B,0.085 percent. C, Total carbon, 3.11 percent; Si, 2.29 percent 
P, 0.71 percent; Mn, 0.46 percent; 5, 0.024 percent; B, 0.17 percent. D, Total carbon, 2.98 percent; Si, 2.22 percent; P, 0.69 percent; Mn, 0.40 percent; 8, 0.0 
percent; B, 0.29 percent. E, Total carbon, 3.05 percent; Si, 2.32 percent; P, 0.68 percent; Mn, 0.44 percent; 8, 0.024 percent; B, 0.33 percent 


(equivalent to approximately 620 to 650 Brinell), 
which is considerably higher than that value for 
ordinary white iron whose Brinell numbers range 
from 320 to 530. 

The microstructures of the chilled portions 
of chill plates containing different amounts of 
boron are shown in figure 17. The characteristic 
structureless constituent, in some cases cored with 
pearlite, previously discussed (figs. 9 to 12), were 
also observed in these chilled areas. 


V. Summary 


A study was made to ascertain the effects of 
boron additions on the microstructural features 
and mechanical properties of plain gray cast iron. 
Transverse-test bars and chill specimens con- 
taining up to approximately 0.5 percent of boron 
were cast. The results and conclusions are as 
follows: 

1. Boron-containing cast iron suffered no signifi- 
cant boron losses during one or more remeltings. 

2. Of the elements in cast iron, only carbon 
appeared to show a consistent decrease with an 
increase in boron. 
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8. Cooling curves, obtained during solidification 
of melts, indicated that increasing amounts of 
boron produced progressively increased under- 
cooling effects and lessened the temperatur 
difference between the apparent liquidus and 
solidus, thus indicating an approach to thy 
eutectic composition, 

4. For bars showing a gray fracture after boron 
addition, there was a slight increase in the moduli 
of rupture and elasticity. The appearance of a 
white network or white specks on the fractured 
surface usually was accompanied by a drop in thy 
transverse strength and deformation, and = an 
increase in the modulus of elasticity. 

5. The susceptibility of different irons to chill 
increased with an increase of the boron content. 

6. Brinell-hardness determinations made = on 
transverse-test bars, in general, showed an increas: 
in hardness with an increase in boron content 
Vickers hardness determinations on the whit: 
portions of the chill plates also showed, in most 
cases, an increase in hardness with an increase | 
boron content. 

7. As the boron content of the irons increased 
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he amount and size of graphite flakes decreased; 
simultaneously there was an increase in the 
»mount of free carbide. With boron contents of 
0.29 percent or more, the structure of the irons 
onsisted essentially of a matrix of cementite 
ontaining islands of pearlite and islands with a 
practically unresolved structure. The pearlite 
areas appeared to be surrounded by a structureless 
envelope, which is believed to be ferrite. The 
structureless islands probably are very fine pearl- 
ite, which could not be resolved with the light 
microscope. 

8. No microstructural differences in the appear- 
ance of carbides in boron-treated and untreated 
irons were detected, although the cementite of 
boron-containing iron is thought to be of a complex 


nature. 
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Improved Single-Unit Schiefer Abrasion Testing 
Machine * 


By Herbert F. Schiefer, Lawrence E. Crean, and John F. Krasny 


A greatly improved single-unit Schiefer abrasion testing machine and a number of new 


abradants were developed 
tremely uniform over the abraded area 


actual service 


The abrasive wear on a variety of materials was found to be ex- 
On woven fabric the wear was similar to that observed 


Phe effeet of the amount of plasticizer in plastics and the effeet of varn and 


cloth construction in textiles on the resistance to abrasion were readily shown by the results 


obtained with the machine \ quantitative method for measurement of the amount of 
abrasion, based upon the change in electrical capacitance of the specimen, was developed for 
textiles, and a quantity that is a measure of destruction or ruin was defined This method was 
applied to obtain an isoriun map of a large area of a trouser leg and clearly indicated a number 


of areas at 


I. Introduction 


The experimental machine initially constructed 
to produce uniform abrasive action over a surface 
and from every direction in the plane of the sur- 
face, in accordance with the mathematical solu- 
tion for obtaining uniform abrasion, demon- 
strated very definitely the soundness of this type of 
machine. It was found desirable, however, to 
construct a much more rigid machine in order to 
maintain parallel alinement of the two axes of 

several 
facilitate 


testing, adapt the machine for testing a greater 


rotation. In redesigning the machine, 


other improvements were made that 
variety of materials, and increase the range of 


testing conditions. The new machine described 


in this paper meets these requirements very well 
II. Description of Machine 


The reneral yppearance of the improved single- 
init? Sehiefer abrasion testing machine is shown 


n figures 1 and 2. The specimen is in constant 
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S2UTSRS 1% q 


which excessive abrasive wear had occurred in service 


ah 
rhe 


rotate in the same 


contact with the abradant during a test 
specimen and the abradant 
direction and with approximately the same angular 
These 


axes are spaced | in. apart and are parallel. The 


velocity, 250 rpm, each about its own axis. 


framework of the machine is a single heavy rigid 
casting Ample interior space is provided for 
gears, Which can be inserted through small open- 
ings in the rear of the casting. The schematic 
drawing in figure 3 shows the arrangement of the 
gears and the several rotating shafts to produce 
the rotation of the specimen and the abradant. 
Kach shaft 
gears of one shaft are primed, thereby making 
This 


speed difference prevents one and the same ele- 


rotates in two ball bearings. The 


the shafts rotate at slightly different speeds 


ment of the abradant from acting on one and the 
same area of the specimen during each rotation. 

Different 
tached to the bottom of the abradant shaft, B. 


kinds of abradants, A, can be at- 
The abradant surface lies in a plane perpendicular 
to the shaft axis. This shaft has two kevways 
cut lengthwise for the entire length of the shaft. 
It can be moved vertically through a bushing, 
which forms a rotating shaft of the gear that ts 
driven by a gear fastened to the auxiliary drive 
shaft. To the 


tached, through radial and thrust ball bearings, 


top of the abradant shaft is at- 
which serves as support for 


an aluminum cap, (, 


481 

















adjustable weights, ), to produce constant pres- 
sure of the abradant on the specimen throughout 
the test. A voke, FE, actuated by a cam, F, is 
provided for raising or lowering the abradant. 
A key on the inside of the aluminum cap can 
slide in a vertical keyway, G, of the main casting 
and keeps the cap and weights from rotating. 

To the top of the specimen shaft is attached a 
presser foot, 77, which fixes the area of the speci- 
men, J, that is abraded. Different sizes, 7/7’, and 
In the upper portion of the 
specimen shaft are cut two keyways. A conical 
clamp seat, J, with the two keys is fitted to the 
specimen shaft and rotates with it. It ean freely 
move vertically on the shaft. A cam, A, is pro- 
vided at the bottom with two ball-bearing con- 
The 


clamp, L, holding the specimen fits on the conical 


shapes can be used. 


tacts for raising the conical clamp seat. 


seat and can be fastened to it by two lock pins, 17, 
by merely rotating the clamp slightly. The clamp 
and specimen ean be removed quickly in the same 
simple manner for examination and measurement 
of the amount of wear. The specimen can then 
be returned to the machine without disturbing its 
position in the clamp and the abrasion test con- 
tinued. The textile specimen, J, is mounted in 
the clamp in a relaxed state under reproducible 
conditions. When the specimen clamp is locked 
to the conical clamp seat and the conical clamp 
seat is lowered by turning the cam, the combined 
weight of the conical clamp seat and specimen 
clamp is suspended by the specimen over the 
presser foot fastened to the top of the shaft. 
This places the specimen under constant tension 
throughout the test with take-up of any stretch 
of the specimen. Different 
tained by varying the weight of the conical clamp 
seat or by the addition of auxiliary weights. It 
is apparent that the shaft, presser foot, conical 


tensions can be ob- 


clamp seat, specimen clamp, and specimen rotate 
as one unit under the described conditions. 

The successive steps for mounting a circular 
textile specimen are shown from A to F in figure 
4. A specimen, a template, and the three com- 
ponent parts of the clamp are shown in A. The 
lower half of the clamp is placed over a template 
with a hub projecting a given distance, which is 


adjustable, through the center of the clamp, B. . 


The circular specimen is placed centrally over the 
hub, €, 
top of the specimen, so that the recess cut in the 


and the annular conical ring is placed on 
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rim of the ring registers with a pin in the lov 
half of the clamp, J. The upper half of | |y 
clamp is then serewed to the lower half, ther: }y 
clamping the specimen evenly and securely, £ 
When the clamp is lifted from the template, \\y 
specimen is in the prescribed relaxed state. Thy 
two-fold reason for mounting the specimen in this 
relaxed state is to obtain even cireumferen! al 
tension on the specimen and to provide enouch 
material so that the portion of the specimen that 
is in contact with the presser foot projects sulli- 
ciently above the clamp for the abrasion test 
It is obvious that other types of specimen clamps 
ean be used for testing nontextile materials 
Figure 5 shows clamps for testing small cylindrica! 
specimens of plastics and other solid materials 


III. Abradants 


Different abradants may be used interchange- 
ably in the machine. The abradant, .A, in figure 
2 consists of closely spaced parallel spring stee! 
blades, the edges of which have been ground to 
lie in the same plane. The abradant in figure 6 
A, is similar except that notches were cut in thi 
blades. The abradant in figure 6, B, is similar 
to the latter, except that thicker blades of high- 
The abra- 


consists of 397 small rods of 


speed tungsten tool steel were used. 
dant in figure 6 <. 
carboloy, the ends of which were ground to |i 
in the same plane. A similar abradant was used 
in some tests in which Pyrex rods were used in 
place of carbolov. It is planned to make others 
in which rods of high-speed tungsten tool steel 
and synthetic sapphires will be used. Figure 2 
shows an adapter, A’, in which duck, cloth, 
sandpaper, emery-paper, and similar abrasives 
may be used. The successive steps for mounting 
such abrasives are shown from A to £ in figury 
7. The final step places the abrasive under uni- 
form tension and in a plane at right angles to th 
axis of rotation. Obviously, many other types of 
abradants can be used, depending upon the kind 
of test desired and the kind of materia! 


being tested. 


upon 


IV. Typically Worn Specimens 


Typically worn specimens of woven fabri 
fleeced knitted fabric, pile fabric, coated fabri 
coated glass fabric, graph paper, leather, plast) 


and printed enamel floor covering are shown 
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re S&S. The wear on all of these materials is 


traordinarily uniform over the abraded area. 


mw woven fabrics are of special interest. The 


ests on them were discontinued when one set. of 


reads (warp or filling) was completely worn 
way, W ith the other set of threads still intact as 
shown in figure 9. Figure 10 shows abraded areas 
ebove the knee of two trouser legs. A higher mag- 
nification of the abraded area in figure 10, B is 
shown in figure 11. Examination of worn gar- 
ments indicated that the wear shown by these 
trouser legs is typical of the abrasive wear of 
woven fabries in service. The striking similarity 
of the abrasion obtained with the machine and in 
service IS ey ident 

\ special application of the machine described 
s for evaluating the effect of wet cleaning solu- 
tions on printed enamel felt-base floor coverings. 
The specimen is placed at the bottom of a shallow 
cylindrical cup, and the cleaning solution is placed 
on it. The abradant used is a nylon-bristle brush. 
Some of the floor coverings tested had good re- 
sistance to washing with soap and soda solution 
at 45° C 
of figure 12, were poor in this respect.® 


Others, like the one shown to the right 


V. Quantitative Method for Measuring 
Abrasion of Fabrics 


Consideration was given to a quantitative meas- 
urement of the amount of abrasion during a test. 
This measurement should not disturb nor affect 
the specimen and should be simple, rapid, and 
sufficiently sensitive. The capacitance method 
described below seems to meet these requirements. 

A capacitor,” shown in figure 13, A, was attached 
to a capacitance test set that is normally used to 
measure the capacitance between the electrodes of 
vacuum tubes. This set operated at a frequency 
of 465,000 cycles sec. The capacitor is. of the 
guard-ring type. The island electrode, a, is 1 em 
The outside diameter of the annular 
The island and 


guard ring were so constructed that the specimen 


in diameter. 
cuard ring electrode, 6, is 3 em. 
clamp, ¢, from the abrasion machine could be 
readily inserted in the capacitor in such a mannet 
that the clamp was suspended by the worn area 


of the specimen over the island and guard elec- 
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trodes, d of figure 13, B. The third electrode, ¢, 
is mounted in a heavy hinged lid, f, which can be 
swung down to a fixed stop, g, after the specimen 
and clamp are inserted as in figure 13, C. This 
third electrode forms part of a micrometer head, 
h, for adjusting the distance between it and the 
island cleetrode to precise known values. The 
construction of the capacitor is verv heavy and 
rigid. 

The measuring procedure consists in adjusting 
the distance between the electrodes to a value 
slightly in excess of the thickest specimen to be 
tested. The capacitance (, with the unworn 
specimen in the capacitor is measured and also 
the capacitance C, of the air without a specimen. 
The specimen is then abraded for R rotations 
against the abradant in the abrasion machine, 
and the capacitance C, of the abraded specimen 
is measured. The value @ is then computed by 
means of the formula, 


Cr 
“100 
0 LOO, 


a 


It can be taken as a measure of destruction or 
ruin by abrasion, expressed as a percentage. If 
a number of values of @ are obtained for various 
values of R, a wear curve can be obtained by 
plotting @ against R, as shown for fabries A and 
B in figure 14. For comparative testing, some 
where Psp is -the 
number of rotations for which (@ is 50 percent, 


function of R such as logy Ro, 


is suggested as a suitable eriterion or wear index. 
It is believed that this index would correlate well 
with the service test results. This confirmation 


will, of course, have to wait until adequate 
results are 
The supplier of fabrics A and B stated 


that fabric B owas definitely superior to fabric -A, 


service and laboratory wear test 


available. 


according to service performance of these two 
fabries. 

The application of the capacitance measure- 
ment for evaluating quantitatively the abrasive 
wear of garments is of special interest The 
trouser leg shown in figure 10, B, was opened along 
the inside seam, and a verv large number of 


capacitance measurements were made of the 


area shown in figure 10, B. For each measure- 
ment a value of @ was computed, using as a 
value of C, that which was obtained for the least 


worn area. These values of QO were 


accurately 
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plotted according to the position of each measure- 
ment. From these plotted values of @ it was 
very easy to chart the isoruin lines of the param- 
eter Yas shown in figure 15. By comparing this 
isoruin map with the actual photograph in figure 
10, B, it can be seen that @ closely approximates 
the value of 50 percent in several areas where 
the one set of threads is practically worn away 
The comparison is, of course, much more striking 
and convincing by a direct comparison of this 
isoruin map and the actual fabric. It is worth 
mentioning that a simple capacitance device could 
be arranged for obtamimg the isoruin map of 
trousers without the necessity of opening any 
This 


to be worn again after each evaluation of the 


of the seams would allow the trousers 
amount of wear from the isorum map. 

The ISOruilnh Maep technique ean also be used to 
explore the uniformity of a fabric, especially of 
finishing 


the distribution of moisture-sensitive 


agents in a fabric In figure 16 are plotted the 
cumulative frequency distributions of C,—C, for 
three unworn cotton fabrics. It can be readily 
seen that these three fabries contain areas for 
which ¢ ( 


below the 


departs considerably above and 


average. The different values of 
( (’, for areas | em in diameter within fabrics 
arise from variations in the varn number, ends 
and picks per inch, twist of the yarns, and amount 
of sizing. These factors affect the weight of the 
fabric in l-em diameter areas and also the amount 
of moisture contained in these areas. Changes 
in the latter greatly affect the values of ¢ Cia 

In connection with the foregoing, the following 


data are of interest In figure 17 are plotted the 


ounces per square yard of many 
different 


The scattering of 


weights in 


unabraded specimens taken from = 69 
cotton fabrics against ¢ ( 
the points is attributed primarily to the nonuni- 


Another 


contributing cause is the fact that the weight was 


formity within each of these fabrics. 
determined on an area of fabric that was 90 times 
the area used in the capacitance measurement. 
However, in view of the very large number of 
values plotted in figure 17, it is evident that for the 
over-all data the quantity (,—(C, 1s directly pro- 
portional to the weight, ounces per square vard. 
It is reasonable to conclude, therefore, that when 
the value of C,—Cp in an abrasion test is one-half 
of the value of ¢ 


cent, then the weight per unit area of the abraded 


(’,, that is, when @ ts 50 per- 
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portion of the specimen is one-half of the we +) 
before the abrasion. A specimen that is abi 
to this degree should have approximately on 
of threads destroyed, as was indicated by a nur 
of abraded areas in figure 15 

Another quantitative measurement that car } 
made on the worn area without disturbing o» 
affecting the specimen is air permeability. hi 
percentage increase in air permeability of the (wo 
fabrics referred to in figure 14 was measured 
immediately after each capacitance measurem 
The specimen clamp from the abrasion machin 
was Inverted and placed directly in the air | 
meability apparatus,’ and the air flow was meas 
ured at a pressure differential of 0.5 in. of wat 
across the specimen. The percentage increas 
air permeability over the unabraded specimer 
plotted against the number of rotations of abra 
sion in figure 18. It can be seen that the pe 


centage increase in air permeability increases 
rapidly with the number of rotations of abrasio: 
The percentage increase at the number of rota 
tions that corresponds to the value of 50 perce: 
for Q in figure 14 is 68 pereent for both fabric 
and fabrie B. 


dence and it is not expected that this relationshiy 


There is no reason for this coin 


would be found generally fer other fabrics. Th 
percentage increase in air permeability may hav 
merit as a quantitative measurement of abrasio: 


of some fabrics. 


VI. Application for Evaluating the Effect 
of Plasticizer on Resistance to Abrasion 
of Plastics 


Small evlinders of cellulose acetate butyrat 
containing various percentages of dibutyl seba- 
cate were abraded using the abradant shown 
figure 6, A 
were machined to a diameter of 0.450 in. Th 


The evlinders were 's in. long and 
specimen holder shown in figure 5 was used. Thy 
weight and thickness (length of evlinder) wer 
measured before the test and at regular intervals 
during the abrasion test. The decrease in weight 
is plotted in figure 19, and the decrease in thickness 
is plotted in figure 20 against the number of rot 

tions the specimen was in contact with the abi 


dant. The effect of the amount of plasticizer o 
? Herbert F. Schiefer and Paul M. Boyland, An improved apparat 
easuring the air permeability fabrics, J. Kesearch NBS 28, 6 
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resistance to abrasion was readily measured. 
The decrease in weight and in thickness per 100 
‘tations is plotted against the amount of plasti- 
er in figures 21 and 22. They show that the 
te of abrasion increases directly with the amount 
plasticizer. The decrease in weight of all of the 
eparate measurements ts plotted against the cor- 
esponding decrease in’ thickness in figure 25 
The pomts lie vers close to a straight line This 
ndicates that for these plastics the rate of abra- 
sion is equally well measured by change in thick- 


ess and change in weight 


VII. Effect of Abrasion Tests on the 
Abradant 


Some abradants are considerably affected or 
changed during an abrasion test. This is partic- 
larly true when abrasive papers, abrasive cloths, 
and fabrics are used as abradants and is shown 
by the results for 17 fabries in table 1. Five 
successive tests were made of each fabric with the 
sume piece of silicon carbide waterproof abrasive 
paper. This procedure was repeated four more 

mes. A value in the second column, 58 +3, for 
example, is the average number of rotations to 
destruction and standard error of five specimens 
of fabrie 1, each tested with a new piece of abra- 
sive paper. A value in the third column, 110 +5, 
for example, is the average number of rotations to 
destruction and standard error of five specimens 
of fabric 1, each tested with a piece of abrasive 
papel that had already been used for testing a 
specimen of this fabric. A value in the fourth 
column, 127 7, for example, is the average 
number of rotations to destruction and standard 
error of five specimens of fabric 1, each tested 
with a piece of abrasive paper that had already 
been used for testing two specimens of this fabric. 
The values in the fifth and sixth columns were 
similarly obtained. In other words, before the 
fifth specimen of a fabric was tested with a piece 
of abrasive paper, the piece of abrasive paper had 
been used for a number of rotations that was equal 
to the sum of the number of rotations of the first, 
second, third. and fourth tests. The great de- 
crease in the abrasive power of a piece of this 
abrasive paper is at once obvious, especially at 
the beginning of a test with a new piece of abrasive 
paper, as can be seen by comparing the values in 
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the second and third columns. Because of this 
great change in the abrasive character of these 
types of abradants, it is customary to test only 
one specimen with each piece of abradant. In 
some work, where a test lasts a long time, the 
piece of abradant is periodically replaced by a 
new one, or the abradant surface is redressed with 
2 more severe abradant. Although this procedure 
may seem best under these conditions, actually 
the results obtained may be misleading. For ex- 
ample, it would be erroneous to conclude that 
fabric 8 is twice as resistant to abrasion as fabric 
1. It is clear from the values for fabric 1, that, 
after 58 rotations for the first test, the abrasive 
power has dropped to about one-half, so that 110 
rotations are required for the second test. The 
same change in this abradant is produced for each 
of the other 16 fabries Also it can be seen from 
the standard error that the variability of the 
abrasive power of a piece of abrasive paper in- 
creases with use, the standard error for the second 
test is on the average more than twice as great 
as for the first test. The change in the abrasive 
power of the abradants during a test probably is 
the primary cause for the erratic results frequently 
reported in interlaboratory testing and conducted 
under otherwise similar testing conditions. 


TABLE l Effect of five SUCCESS? texts with sd ine 
silicon carbide wate rproof abrasive paper on abra- 
sion. result of different fabries 


Fabre Rotat it , I 
Non 
nm I t Ss nd test rt I e; t test 
s ll 9 
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The spring steel blade abradant shown in A of 
figure 2 has been used for over a million rotations 
on a large number of cotton fabries. It was 
found that in these tests the action of the abradant 
changed less than 3 percent in over a hundred 
thousand rotations, which was much less than the 
variation between specimens taken from any one 
of these fabries. For comparative testing of 
several fabrics this abradant can be considered to 
remain constant. 

It is of interest to report the results of an en- 
tirely opposite effect on the abradant that was 
observed with one fabric. Instead of the usual 
decrease in the abrasive power of the abradant, in 
this case the abrasive power was greatly increased, 
that is, successive specimens were worn to de- 
struction in fewer rotations, as shown in figure 24. 
The first specimen tested required over 8,000 
rotations, and the second one required less than 
2,000. After the third specimen the rate of 
abrasion was nearly constant and about ten times 
the initial rate. It was found that a resinous 
substance on the fibers stuck to the surface of 
the abradant. 
and apparently very sticky, so that the frictional 
force between this substance on the abradant and 
the fibers of the specimen was many times greater 
than that between the clean abradant and speci- 
men and, therefore, increased the rate of abrasion. 
The coating on one blade of the abradant is shown 
in figure 25, A. In figure 25, B, the coating on 
this blade was removed. 


This substance was thermoplastic 


The same result’ was 
obtained when the Pyrex rod abradant was used. 
The appearance of the end of a coated and an un- 
coated Pyrex rod is shown in figure 26. Although 
the effect described cannot be ascribed to a faulty 
operation of the abrasion machine or of the 
abradant, nevertheless it is apparent that erro- 
neous conclusions can be drawn if the operator of 
the machine is not an alert and critical observer. 


VUI. Summary 
An improved single-unit Schiefer  abra ion 
testing machine was developed. It 
adapted for testing a great variety of mater als 
Differ ont 
types of specimen holders and abradants can |; 
used with the machine. Both the pressure and 
tension on the specimen can be fixed at selecte 
values and maintained constant throughout (hy) 
test period. A variety of materials including 
woven, knitted, and fabrics, plastics 
paper, leather, and other materials were abraded 
with the machine. 
material was found to be extremely uniform over 


can by 


under a wide range of test conditions. 


coated 
The abrasive wear of each 
the abraded area. The effect of the amount of 
plasticizer on the resistance to abrasion of plastics 
was readily measured. The rate of abrasion was 
directly proportional to the amount of plasticizer 
present. The abrasive wear in tests of woven 
fabrics appeared very similar to that whic’ 
occurred in service. A quantitative method 
based upon the change in electrical capacitanc: 
of the specimen with abrasion was described fo: 
A quantity 
that is a measure of abrasive destruction or ruin 


evaluating the amount of abrasion. 
was defined. This quantity was used to obtain 
an isoruin map of a large area of a trouser leg 
This isoruin map showed very clearly a number 
of areas at which excessive abrasive wear in 
service had occurred. The change of the abradant 


during abrasion tests was discussed.  Silicon- 
earbide paper, a generally used abradant, de- 
creased very greatly in abrasive power. The 
spring steel blade abradant remained essentially 
constant, although ia testing one resin-finished 
fabric the surfaces of this abradant became coated 
with the resinous substance, which greatly in- 


creased the abrasive power. 
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Specimen clamps for testing plastic cy nders. 
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FiGcure u, Vaqnified appearance of an abraded ( t specimen. 
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Ficure 10 \braded areas of two trouser legs 


Schiefer Abrasion Testing Machine 











if - fy 


: 7 Hit Ab re, if , ks di) 
EPS Bye: pth 
ting? sis if ¢tee 
4 ss if! Li iy tf) ‘“idig 
7 ate r y ‘ty ie r 
~ . © 7 








1 1” \ , / , ’ Wf 2 , 
Py Kt é TA er ( printed enamel Jett base oor covering before and after test fo stance to detergents 


A, Original; B, tested 9000 rotat 





492 


Journal of Research 








Capacitor mounted in capacitance test set; B, abraded specimen suspended over electrode in capacitor; 


capacitor, sho nq micrometer head for adjusting distance between electrode 
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Pyrolysis of Polyisobutene (Vistanex), Polyisoprene, 
Polybutadiene, GR-S, and Polyethylene 
in a High Vacuum’ 
By Samuel L. Madorsky, Sidney Straus, Dorothy Thompson, and Laura Williamson 





Samples of polyisobutene, polisoprene, polybutadiene, GR-S, and polyethylene, weighing 
about 25 to 50 milligrams, were pyrolyzed in a vacuum of about 10-® millimeter of mereury in 
a specially designed apparatus at temperatures ranging between 300° to 475° C. The volatile 
products of pyrolysis were separated into four fractions: (IV) gaseous, volatile at —196° C; 
(IIIA) liquid, at —75° C; (IIIB) liquid, at 25° C and (II) wax-like fraction, volatile at the 
The gaseous fraction was analyzed in the mass spectrometer and 
The liquid fraction, IITA, was analyzed similarly 
A molecular 


temperature of pyrolysis. 
was found to consist in all cases of CH,. 
and was found to give a mass spectrum characteristic for any given polymer. 
weight determination of the wax-like fraction by the microfreezing-point-lowering method, 
showed it to vary from 543 to 739, depending on the polymer from which the fraction was 
obtained. It is shown that the method of pyrolytic fractionation of high molecular weight 
polymers, in conjunction with mass spectrometer analysis of the more volatile fractions, can 


serve as a means of identifying the polymers. 


I. Introduction 


The method of pyrolytic fractionation of poly- 
conjunction with mass-spectrometer 
analysis of the more volatile fractions, has been 
described previously in the case of polystyrene [1].? 
Briefly, this method consists in heating a 25- to 
50-mg sample of a polymer, spread as a thin film 
on a platinum tray, in a high vacuum at 300° to 
500° C. The products of pyrolysis are (1) a solid 
residue; (11) a wax-like fraction, volatile at the 
temperature of pyrolysis, but not volatile at room 
temperature; (111) a liquid fraction, volatile at 
room temperature; and (1V) a gaseous fraction, 
volatile at the temperature of liquid air or liquid 
The liquid and gaseous fractions are 
analyzed in the mass spectrometer, whereas the 


mers, in 


nitrogen. 


wax-like fraction is tested for its average molecular 
weight by a microfreezing-point-lowering method. 
Pyrolytic fractionation has now been extended to 
the study of other hydrocarbon polymers covering 


' This work was supported in part by funds transferred from the Recon- 
truction Finance Corporation, Office of Rubber Reserve. 

? Figures in brackets indicate the literature references at the end of this 
paper. 
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polyisobutene (Vistanex), polyisoprene, poly- 
butadiene, polyethylene, and a copolymer, GR-S, 
consisting of 75 percent of butadiene and 25 per- 
cent of styrene. 

The mass spectrometer is a relatively new 
analytical tool and requires a preliminary investi- 
gation of mass-spectra of all individual pure com- 
pounds in a mixture before it can be used with 
due calibration to analyze such a mixture. This 
imposes certain limitations on the study of poly- 
mers by way of mass spectrometric analysis of 
decomposition products of pyrolysis. The above 
polymers and copolymer were selected for this 
investigation with limitations in view. 
However, mass spectral data are being accumu- 
lated at the present time in various laboratories 
and are being compiled by the National Bureau 
of Standards [2]. These gradually 
broadening the scope of analysis in two directions, 
to include a greater number and variety of com- 
pounds, and to extend the mass range so that 


these 


data are 


compounds of higher molecular weight could be 
analyzed. It will, therefore, be possible in the 
future to apply the method of pyrolytic fractiona- 


4S9 





tien to polymers and copolymers of a more 
complicated structure and containing, in addition 
to carbon and hydrogen, also oxygen, nitrogen, 
sulfur, chlorine, and other elements. 

One object of this investigation was to find a 
relationship between the structural formulae of 
polymers and their refractoriness under the influ- 
ence of heat. This in turn could serve as a clue 
to the chemical and physical properties of the 
polymers. To take a specific example, the effect of 
double bonds and their frequeney in the macro- 
molecular chain, also the size, frequeney, and dis- 
tribution of side chains, on the number and size 
of fragments obtained in the pyrolysis, is one of 
the problems investigated here Another object 
was to broaden the application of mass spectrom- 
etry to the identification and analysis of poly- 
mers in general At the present stage of develop- 
ment, the mass spectrometer can be used to 
analyze masses up toa littl over 100. It so hap- 
pens that the most significant part in the mass 
spectrum of the volatile products of pyrolysis lies 
in this mass range, also that this part of the spee- 
trum is characteristic of any given polymer so far 
studied. This leads to the possibility of using 
Inhass spectrometric analysis in conjunction with 
ps rolytic fractionation as a general method to 
identify polymers and to determine the extent of 
their purity. 

With the extension of the range of mass spectro- 
metric analysis to larger masses than 100, it will 
be possible to study the larger fragments obtained 
in the pyrolysis of pollymers. This additional 
information will lead to a better understanding of 
the structure and to a greater refinement of the 
analy sis of high-poly mer substances 


II. Review of the Literature 


Most of the work on pyrolysis of high polymers 
Bolland 
and Orr [3] carried out pyrolysis of rubber in a 
to 270° C 


workers |4, 5] employed temperatures of 500° to 


was done in the past on natural rubbers. 


vacuum at 220 Standinger and co- 
100° C and a pressure of 0.1 to 0.5 in one case, and 
1 atm in another. Midgley and Henne lO) and 
Bassett and Williams [7] used temperatures of 
HOO" to TOO® C 
all this work the products of pyrolysis contained 


and atmospheric pressure. In 


considerable amounts of isoprene and dipentene 


As to pyrolysis of svnthetie polymers, Sevinour 


500 


[S], employing temperatures of 150° to 500° ( 
and pressures of 0.5 mm and | atm, found that :\y 
order of thermal stability in the case of tho 
polymers was: polvethylene polystyrene poly- 
Recently, Wall [9] pyrolyzed at 400° ( 
ina vacuum |-mg samples of rubber, polyethyle:: 


isobutene. 


polyisobutene, polystyrene, polyisoprene, — and 
other polymers and analyzed the products 


pyrolysis in a mass spectrometer. 


Ill. Apparatus and Experimental 
Procedure 


The same apparatus and experimental proced wr 
as were used in the work on polystyrene, were use: 
also in this work, but with some slight modifi: 
tions. The modified apparatus is shown in figur 


1. It differs from the previous apparatus in this 
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the large tapered ground joint between | 


pyrolysis still and the condenser has been replace 
by a horizontal flanged joint. The upper flan: 
of this joint is connected to an outer jacket around 


the condenser instead of directly to the econdens« 


This was done to avoid excessive cooling of ¢! 
joint by the liquid nitrogen in the condens: 
The thermocouple wires, instead of passine 
through the joint, pass this time through tubes 
attached to the side arm leading to the evacuati 

system. In this way ordinary vacuum grea 
could be used in the ground joint instead of ha 
with a flan 


wax, which had to be melted 
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nother modification consisted in changing the 
stance between the pyrolysis tray and the 
ndenser from 1.7 to 1.2em. In this way it was 
oasible to collect hore of the condensate on the 
suid nitrogen condenser and less on the inner 
ill of the pyrolysis still. 
\lodification of the experimental procedure in- 
ilved some changes in the fractionation and des- 
rnation of the fractions The nonvolatilized 
sidue was collected and designated as fraction I 
- in the case of polystyrene pyrolysis. The wax- 
ke fraction, volatile at the temperature of pvrol- 
sis but not volatile at room temperature, was 
deposited as previously in two parts, a larger part 
on the liquid nitrogen-cooled condenser and a 
smaller part on the inner wall of the apparatus. 
The larger part was collected from the condenser 
and its weight determined directly, whereas the 
veight of the smaller part was calculated by sub- 
tracting the sum of the other volatile fraction from 
the weight of the total pyrolyzed part. On the aver- 
ve, in all the experiments reported in this paper, 
that part of the wax-like fraction that collected on 
the condenser represented about 95 percent ol the 
total wax-like fraction when the pyrolvzed part 
as only a few percent of the original sample; this 
ropped to about 74 percent when the py rolyzed 
part reached 10 percent of the sample and staved 
t this level all the way down to complete py rolvsis. 


‘he sum of the two parts of the wax-like fraction 
vas designated as fraction I], without stating the 
amount of each part, as this was not deemed im- 
ortant In case of the polvsty rene work, the 
ver part of the wax-like fraction amounted, on 
he average, to 64 percent of the total and was 
esignated as fraction Il, whereas the smaller 
rt, Which deposited on the wall of the apparatus, 
ounted to 36° pereent and was designated as 
action LV 
In collecting the liquid fraction 11, the same 
procedure was followed as pres iously, except that 
the case of polyisobutene, polybutadiene, 
GR-S, and polyethylene this fraction was divided 
nto a more volatile fraction ITLA and a less vola- 
le one ILLB, in order to facilitate mass spee- 
trometer analysis. However, in the case of polviso- 
prene, mass spectrometer analysis could be carried 
out on fraction II] in its entirety. 
The gaseous fraction was collected in the same 
manner as in the previous work but was desig- 
nated as fraction IV instead of V. This fraction 
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consisted mainly of CH, mixed with some CQO, 
CO,, and air. 

Only fractions ITLA (or ILL in the case of polyiso- 
prene) and IV were analyzed in the mass spec- 
trometer. Small amounts of air found in the gas- 
eous fraction were most likely due to adsorption on 
the wall of the apparatus, the heater, and the sam- 
ple, or to its solution in the sample. Although most 
of this air was eliminated in the preliminary 
heating stage, as described in the previous paper, 
some of it was freed at the higher temperature. 
Small amounts of CO, and CO found in fraction 
IV could have come from the reaction of the 
polymer with adsorbed or dissolved oxygen ot 
with oxygen present as a part of the polymer 
The smaller the extent of pyrolysis in any given 
experiment, the greater the proportion of the im- 
purities in fraction IV and, in cases where the 
pyrolyzed part was only a few percent of the 
original sample, the gaseous fraction consisted 
almost entirely of CO,, CO, and air. 

Some CO, was found in fractions ITT or TELA in 
most of the experiments. Small amounts of sol- 
vents, such as benzene, ethanol, ete., also found 
their way into fraction IIT or ILLA of some of the 
experiments. These were undoubtedly due to 
adsorption. Here again the smaller the pyrolvzed 
part, the more conspicuous were the impurities 
The results of mass spectrometer analysis shown 
in this paper are based on calculations from which 
the impurities found in fractions II], TELA, or IN 
were excluded. In case of fractions IIL or TILA 
the percentages of HWMpurities are shown below the 
tables of analysis. In case of fraction IV, these 
impurities are not shown. 

Fraction IITB was not analwzed in the mass 
spectrometer because of the complexity of the 
spectrum and lack of speetra of the imdividual 
compounds it contained. No attempt was made 
to determine its average molecular weight by thi 
microfreezing-point-lowering method, because this 
fraction was too small in the case of all polymers 
to make such a determination. Fraction I] was 
analyzed for its average molecular weight by th 
microfreezing-point-lowering method in evclohex- 
ane, benzene, or camphor. Some attempts were 
made to apply this method to the determimation 
of the average molecular weight of the residue 
(fraction 1), but the temperature drop was only a 
few tenths of a degree, and the results were con- 


sidered unreliable. 


501 








The microfreezing-point-lowering method con- 
sisted in determining the average temperature 
between beginning of melting and collapse of the 
column of solidified solution contained in a sealed 
capillary tube. This method was tested on pure 
substances with the following results (the 3 
figures following each compound in the order given 
stand for the molecular weight, as given by the 
empirical formulas, as determined by the micro- 
method in benzene and as determined by the same 
method in cyclohexane): Decane, 142, 141, 125; 
l-methvilnaphthalene, 142, 
174, 143; 2,2,4-trimethyl-3-isopropyl-3-pentanol, 


125: dodeeane, 170, 


172, 153; glycerol tripropionate, 260, , 264; 
dibutyl phthalate, 278, 268, 276; glycerol tributy- 


rate, 302, -— , 305; butyl phthalyl butyl glycolate, 


336, , 337. In the case of benzene as solvent, 
the results seem to be fairly close to the actual 
values. In the case of cyclohexane, the results are 
too low for some compounds for reasons that are 
not wholly apparent. Molecular weight of frae- 
tion IL from polyethylene was determined for 
camphor by Rast’s micromethod [10]. All molee- 
ular weights of fraction IL reported in this paper 
represent averages of three to four determinations. 


IV. Pyrolysis of Polyisobutene (Vistanex) 


The material used in these experiments was 
prepared by dissolving commercial Vistanex in 
benzene and precipitating with methanol. This 
was repeated twice and the methanol removed by 
evacuation, A 2-pereent solution of the purified 
polvisobutene in benzene was used in the pyrolysis 
experiments. Experimental conditions and re- 
sults of pyrolysis and fractionation are shown in 
table 1. 
temperatures varying between 313° and 460° C. 
Weight of the sample varied from about 21 to 60 
mg, and in one case it was 82.9 mg. The solution 


Fifteen experiments were carried out at 


of the polymer was spread on a platinum tray 
with an evaporating surface of about 12 em ?, 
The benzene was evaporated in a vacuum to a 
constant weight, and a layer of the polymer 
17 to 50 yw thick was thus obtained. After 
evacuation of the apparatus and a preliminary 
heating, as described in the previous paper, the 
temperature was raised from about 135° C to the 
temperature of pyrolysis during 40 to 50 min, 
depending on the final temperature, a higher 
temperature requiring a longer time. The same 
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procedure was followed in the case of the ot) or 


polymers. The Visatanex, as well as the ot 
polymers, formed in the tray a uniform layer with 
a glossy surface, and it was difficult to observe at 
what temperature the polymer melted. Duration 
of pyrolysis at the maximum temperature yas 
30 min in all experiments with Vistanex. 


TABLE 1. Pyrolytic fractionation of polyisobutene ( Vistay 
YI 


Fractions in weight percent 
of original samp 


Fracti 
Ex- I II Ill IV LIL ir 
peri- Weight Tem- Dur percenta 
me nt ot pera- ~atcog Non- Volatil of tota 
num- sample ture — volatile rem pyrolyz 
ber at it (ras- ? art 
Resi- room eous par 
room 
due tem- frac 
tem- 
pera- tion 
— ture 
ture 
mg tf nin 
1 24.9 313 0) 97.2 2.4 0.4 0 14.2 
2 22. 5 344 w) &3.0 11.3 5.7 Trace 5 
3 M7 1 w 4.3 25.3 10.3 0.07 9 
4 50 "2 uw 645. 2 4.3 10.4 Os 20.9 
) 45.4 ITs 0 7 2.4 aS 12 3.8 
6 §2.7 401 30 0.2 68. 5 11 » 31.2 
_ an &2.9 401 30 .3 79.3 2.2 P2 20.3 
8 49.2 401 30 ofl 69.4 0.3 19 30.3 
9 49.6 402 30 4) 68.4 31.0 22 | 9.2 
10 45.9 402 30 5 70.8 28.5 23 2.6 
11 23.2 w) 0 1 66.6 32.8 22 32.9 
2 55. 2 415 71) ; 68.9 30.5 25 30.6 
13 60.0 418 30 1 69.0 30.7 22 30.7 
4 20.9 1%) O 2 64.7 34.9 22 4.9 
15 45.4 i) 0) 0 67.0 32.8 22 32.8 
Average fraction IIL in percentage of total pyrolyzed part 
for all experiments, except 1 and 7 31. 5+0.8 


It can be seen from table 1 that thermal decom- 
position, under the experimental conditions em- 
ploved, begins at 300° and is almost complete at 
400° C. At higher temperatures, decomposition 
was undoubtedly complete before the 30 > min 
were over. The purpose of employing tempera- 
tures above 400° C was to see what effect a faster 
rate of decomposition will have on the nature and 
relative amounts of the fractions. 

In the last column of table 1 the yield of th: 
liquid fraction LIL is shown in percentage of total 
pyrolyzed part. In experiment 1 the liqui 
fraction weighed about 0.1 mg. Since the accu 
racy of weighing on the semimicrobalance wa 
about 0.05 mg, the accuracy of weighing 0.1 m 
was very low. In experiment 7 the origin: 
sample was too large, weighing 82.9 mg, an 
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ttering from the tray during pyrolysis was 
This spattering resulted in an increase 


The 


erved. 
fraction Il and decrease in fraction II. 


h ' 

? ld of fraction IIL in all the other experiments 
s practically constant, the average being 
il 


-EO.S percent, 
\lass-spectrometer analysis of the gaseous frac- 
m IV was made for experiments 4, 6, 8, 10, and 

The analysis showed the presence, in addi- 
m to CH,, of small amounts of CO, H,, O,, and 
ices of CO, The vield of fraction IV in per- 
ntage of the original sample was calculated for 
1, 6, 8, 10, and 


lume, pressure, and mass-spectrometer analysis, 


periments 12 on the basis of 

ter excluding all the gaseous constituents, except 
CH, Yields of CH, for the other experiments 
ere interpolated from those determined experi- 
mentally. In percentage of total pyrolyzed part, 
the yield of CH, for experiments 4, 6, 8, 10, and 12 
s practically constant, the average being 0.22. 
\s the yields of the liquid and gaseous fractions 
are both constant, the yield of the wax-like frac- 
Lion 


of the other two fractions from 100, is also constant 


which is obtained by subtracting the sum 


and is equal on the average to 68.5 percent of the 
total py roly zed part. 

In attempting to analyze fraction III in the 
Inuss spectrometer, it was found that the heavier 
constituents, consisting of eight or more carbons, 
interfered with the analysis of the lighter consti- 


tuents. According to a table compiled by Stull 
11], the temperatures at which paraffins, mono- 
olefins, and diolefins have a vapor pressure of 
| mm are as follows: 1,3-pentadiene 71.8°; 


-pentane 76.6°; 1-hexane 57.5°; n-hexane 


23.9 2-heptene 35.8 n-heptane —34.0°; 
2-methyl-2-heptene —16.1°; and n-octane — 14°C 
TABLE 2 Vass-s pect ameter analys of fract 
tNu ‘ 
ie ‘ 
I 7 7) 
Moles 
we t 
“ 1.4 l 
0.7 
72.1 7.8 8.4 
00.( 100.0 
44 Pract Trace 
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on 


In view of this it would be possible to separate 
compounds consisting of eight or more carbons at 
a temperature near that of dry ice. This was 
accomplished in the following manner. 
II] was first collected in a long sealed tube, 
1.7-mm inside diameter and 25 to 30 cm long. 
By immersing one end of the tube in liquid nitro- 
gen, the fraction was concentrated at that end, 
and the tube was bent in the center, by means of 
The cold end was 


Fraction 


a flame, in the form of a U. 
then removed from the liquid nitrogen and placed 
C, and the 
other end was immersed in liquid nitrogen. Dis- 
3 min. In this way 


in a dry-ice—acetone mixture at —75 
tillation was continued for 
the less volatile compounds remained in the end 
of the tube at —75° C, whereas the more volatile 
ones collected at the other end. The tube was 
then melted at the center and the two fractions 
separated, the heavier one as fraction IIIB and 
the lighter one as fraction IILA. In all cases the 
LITA and IIIB was about 


Since 


distribution between 
70 and 30 percent of the total fraction ILI. 
the total yield of fraction IIT was 31.5 percent, 
the yields of IITA and IIIB were, on the average, 
22.0 and 9.5 percent, respectively. 

Mass spectrometer analysis of fraction LILA 
are shown in table 2 
Most of fraction IIIA consists of isobutene, the 
average being 92.8 mole percent. The next signi- 


for seven experiments. 


ficant constituent, neopentane, amounts to 6 per- 
cent, on the average. In addition to these there 
is 1.6 percent of isobutane and 0.2 percent of 
The last column of table 2 shows the 
of components of 
The vield of the monomer, 


pentenes 


average yield in percentage 
total pyrolyzed part. 


isobutene, according to this table is 20.18 pereent. 


IIIA obtained in the pyrolysis of polyisobuten 
, 
Ay \ 
102 4 41 i 
1M 
7 "uy “—” i ’ . 
py 
I 
“ 
M ° 
) 7 ‘ 2.8 . 
a 
i - - is 
- ‘ i i “re 
” “ ‘ano ” ” { 2 A 
it r Trace Ir 
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No mass-spectrometer analyses were made of 
fractions LIB, for the reasons explained above. 
Judging from the facet that fraction ITLA consisted 
mainly of the monomer and that fraction IIIB 
was not volatile at —75° C, but was volatile at 
room temperature, it can be assumed that the 
latter fraction consisted of the dimer and trimer. 

Fraction IT was soluble in cold benzene or cyclo- 
hexane. The results of five molecular weight 
determinations are shown in table 3, the average 
In making these determinations, an 
ordinary thermometer, having 3 deg centigrade 


being 543. 


per l-em length and carrving 0.2-deg divisions, 
was used. On the same consideration as in the 
case of fraction IITB, fraction IT most likely con- 
fragments consisting on the 
The residue (frac- 


tained polymeric 
average of 9 to 10 monomers. 
tion 1) was soluble in cold benzene or eyelohexane. 
No molecular weight determinations were made 


of this fraction. 


TABLE 3 Average molecular weight of waa-like fraction 


Ll) obtained in the PY olysis of polyisobute ne 


. Freezing 
I wr 
| saath ietiiilieiads - v , Part pyre point low Molecubu 
\porime riuarri bee ire oO hate’ osion ef wetaies 
ly ! gol £ 
| 
Coil 
( I’ f ( 
uw ry 2 MT 
4 “2 is Low Sis 
‘ i eS 24 uw 
« wl “4 MM “ll 
wre mon 1m 7v 


V. Pyrolysis of Polyisoprene 


A 27-g¢ sample of commercial polvisoprene was 
extracted three times with 300-ml portions of 
The sample was stored, 
A dilute 
solution of the purified material in benzene was 

Results of 13 
It appears from 


ethanol-toluene azeotrope. 
wet with the azeotrope, under benzene. 


used in the pyrolysis experiments. 
experiments are shown in table 4. 

this table that pyrolysis begins at 300° and is al- 
On the whole, poly- 
readily 
Except for experiments 1, 2, and 3 at 


most complete at 400° ©, 


isoprene decomposes more than poly- 
isobutene. 
low temperatures, the vield of fraction ILL is fairly 
constant and is equal on the average to 11.5 +04 
percent of the total pyrolyzed part. The vield of 
fraction [V was obtained from mass-spectrometer 


analysis for experiments 1, 2, 4, 5, 7, 11, and 13. 
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Yields for the other experiments were obta ne 

by interpolation. The average vield in percen ag, 

of total pyrolyzed part is 0.016. The averay, 

vield of fraction IL is therefore 100— (11.3+0.))4 
SS.7 percent. 


TABLE 4. Pyrolytic fractionation of polyisopren 


Fractions in weight percent 
of original sample 


ea rit 
peri- Weight Tem- Dure- I ll Ill IV ond 
ment of were tion se 
‘ . ‘ 
num- sample ature Non- Gias- . 
Volatile pyrely 
bet volatile eous . 
Resi it room pa 
it room frae- 
due temper 
temper- ature tion 
ature . CHy 
mag sf min 
1 "8 wre uw v7 .¢ 20 t+ 0 
2 mas we w 697.0 2 Trace 
1.3 325 wu suo 7.9 3 Trace 
1 whe 2 uw) Al m0 0.005 
Lo at | f.O ws 7 4.5 La . 
6 52.5 4 mw) 21. 1 7TO.0 xu oe 
| To $4 uw a0 70.0 wo on 
s Ls is ww 166 73.9 9.5 on 
" 1 ie uw a4 81.5 a8 ot 
Ww 52 4 i uw S.7 si. 7 w46 ole 
1! ih wr i 1 ; 11 wa 
12 ) wis uw 7 sia 1.7 wt 
i “sh we uw Ss si 11.6 O25 
Average fraction IIL in percentage of total pyrolyzed part 


for experiments 4 to L$, inclusive 


In analyzing fraction ILL in the mass spectro- 
meter, it was found that the heavier component: 
consisting of eight or more carbons, did not inter- 
fere with the analysis of the lighter components 
In view of this, fraction II] was not divided int 
fractions [LLA and LIEB, but was analyzed directly 
Results of mass-spectrometer analyses of fractior 
111 for nine experiments are shown in table 5 
These analyses show the presence in this fractio 
of small amounts of ethanol, acetone, methiy!- 
ethyl ketone, benzene, toluene, and CO,. | In ex 
periments | and 2, where the total pyrolyzed par' 
was only 2.4 and 3.0 percent, respectively, th 
relative amounts of impurities due to absorbe 
and dissolved gases and liquids appear exaggerated, 
Considering experiments 4 to 13, we can see fron 
table 
fraction ILI is isoprene, amounting on the averay 
to 90.8 mole percent. Next in abundance are tly 
pentenes, 4.6 percent; eyclopentadienes, 1.5  per- 
hexadienes 


5 that the most abundant constituent | 


cent; butenes, 1.2. percent, and 
pereent. 
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TABLE 5 





riment number l 2 4 
mperature of pyrolysis, “¢ wre wre 2 
t pvrolyzed, percent 24 oO ja 
Mok 
Compo ular 
weight 
“) { 24 o9 
pentadient HO LY 2.4 2. 1 
n is 1 “wo 72.2 ‘it 
nteme 70.1 i 2.¢ 
lohexadienes ae | oe us 0.3 
He xadiene 82. 1 “ Lf 
Hexenes “41 Ta Os ol 
loheptadiene “41 i 1.7 2 
Heptadienes 1 1.2 ! 
Heptenes ws | 12.9 1.8 
ntenme Lil 1 11.0 
og ioe io 
} it ; s 0.2 
ww 2 5 ” i 
hk 72 14 2.1 l 
} x0 l —} 2 
2.1 r 0 
wo ist 27 .¢ 1.2 


Dipentene, which is the dimer of isoprene, 
showed up in the mass spectra of fraction IIL of 
experiments | and 2, but not in those of the other 
experiments. Dipentene has a vapor pressure of 

mm at 14° and 5 mm at 40.4° C [11]. 
fraction ILL was collected at room temperature, it 


Since 


contained all the dipentene formed in the pyrolysis. 
On the other hand, the trimer, consisting of 15 
arbons would have too low a vapor pressure to 
distill into fraction IIL at room temperature. In 
view of this, it can be assumed that fraction III 
ontained, in addition to the compounds shown in 
table 5, also a considerable amount of dipentene. 
In experiments 1 and 2, where the total weight of 
fraction IIL was small, the partial vapor pressure 
of dipentene was sufficiently large to show its 
presence in appreciable amounts. In the other 
‘periments the large amount of a volatile com- 
pound, such as isoprene, suppressed the vapor 
essure of dipentene, so that the latter did not 
Fraction IIL from 
xperiment S&S was expanded into a large volume 


how up in the spectrum. 


i a specially designed described 


previously [1] and an expanded sample analyzed 


apparatus 


i the mass spectrometer. Peaks indicating 


the presence of a large amount of dipentene 


ppeared in the spectrogram, but no quantitative 
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Mi 


Mass spectromele r anal {Si8 of liquid fraction 11) obtained in the pyrolysis of polytsoprene 


. 6 7 10 12 13 Average Average 
4 S54 MM sO 13 wir of 4to component 
M2 TAY sO W1.3 w.3 wee 13, inel in per 
centape 
of total 
pyrolyzed 
Mok percent pert, weight 
percent 
og 1.1 2 is 1.2 3 l OSI 
1.8 7 1.2 1G 2.4 15 Os 
91.2 92.0 au 4 “1.2 w 6 aUON wos 51M) 

‘ 4+ 2 “0 iu 1+ 0. 277 
0.1 os Os os Os Os o3 we 
1.4 1.2 1.2 s 7 Lo Os 
ol o2 0.2 ? 2 ol my 

} 2 2 l 2 ol 

‘ 2 2 A 

1 1 2 1 Os 

l I 

he Wo wee loo eo wo wee 7H 
He percentage of impurities in original analysi 


data could be obtained as to its relative amount. 

In order to estimate the vield of dipentene in 
fraction III, this fraction in the case of experi- 
ments 8, 9, and 11 was divided into IITA and 
IIIB, by a procedure described above, and the 
two parts weighed on the semimicro balance. The 
distribution between the two parts was 5.7 
5.6 percent in IITA and IIIB, respectively. On 
this basis the vield of isoprene is 5:15 percent of 


the total pyrolyzed part, as shown in the last 
column of table 5. It is not likely that fraction 
111B contained much of the trimer of tsoprene. 
The trimer contains 15 carbons and a compound 
of similar molecular weight, for example, penta- 
decane, C,H», has a vapor pressure of 1 mm at 
91.62 C. On this consideration, the vield of 
dipentene was about 5.6 percent of the total 
pyrolyzed part. Whether the ratio of yields of 
isoprene to dipentene varies with temperature of 
pyrolysis and if so, in what direction, is not clear 
from this investigation. 

The wax-like fraction (11) was soluble in cold 
benzene or cold evelohexane. The results of mole- 
cular weight determinations in cyclohexane are 
shown in table 6. The average of five determina- 
tions is 577, which means that on the average the 
fragments in this fraction consisted of about 8 to 9 


505 














monomer units. The residue, fraction I, was also 
soluble in cold benzene or cold cyclohexane, but 
no molecular weight determinations were made of 
this fraction. 


TARLE 6 Average molecular weight of wax-like fraction 


(11) obtained in the pyrolysis of polyisoprene 


Freezing 


I , Tempera- part py- point Molecular 
aye nt N ture of rolyzed ] oe a 
verolveis rolyze« owering weight 
PITEN of CH) 
'¢ ( 

i 52 48.5 ». 70 610 
" a | so 45 ‘M2 
7 a) 80.0 10 572 
12 "ks w.3 2% 7s 
13 405 “i.2 2. 25 asl 

Ave € ri 


VI. Pyrolysis of Polybutadiene 


A sample of polybutadiene was purified by 
dissolving it in benzene and precipitating with 
methanol. This operation was repeated several 
times and finally the sample, freed from methanol, 
was dissolved in benzene to make a dilute solution. 
Results of 12 pyrolysis experiments are shown in 
table 7. As seen from this table, polybutadiene 
is more refractory than polyisobutene, polyiso- 
prene, or polystyrene, when heated under similar 
conditions. This polymer begins to break up at 
about 350° C, and decomposition is almost complete 
at 477°C. The vield of fraction ILI] in percentage 
of total pyrolyzed part, stays fairly constant, on 
the average at 14.041.0 percent, up to a tem- 
perature of pyrolysis of 400° to 425° Above 
this temperature the vield drops to a small frac- 
tion of the above value, as indicated in the last 
column of table 7. The yield of the gaseous frae- 
tion (LV), on the contrary, stays constant at about 
0.50 percent of the total pyrolyzed part through- 
out the entire temperature range 

Fraction IIL was divided into fractions TILA 
and IIIB volatile at —75‘ 
ture and amounting to 4.2 and 9.8 percent of the 
total pyrolyzed part, respectively. Mass spee- 
trometer analyses of fraction ILLA are shown for 
These experiments 


C and room tempera- 


nine experiments in table 8. 
cover the entire range of pyrolysis from 6.1- to 
almost 100-pereent decomposition. A gradual 
decrease in the content of 1,3-butadiene, the prin- 
cipal constituent of fraction IILA, and a cor- 
responding increase in the content of most of the 
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Taste 7. Pyrolytic fractionation of polybutadier 
_ . | 
Fractions in weight percent | 
of original sampk 
Ee |e ee ee > at 
peri- Weight Tem- — I Il Ill I\ prot 
ment of pera- ‘Ga -. 
num-/ sample | ture oe Volatile, Gas- | pyre 
. Resi- ~ itroom eous D 
at room 
due temper- frac- 
temper- iture tion 
ature 
ma ¢ min 
1 19.9 3m) 0 93.9 5.3 0.8 Trace; 13.1 
2 63.6 351 30 3.2 6.0 s Trace | 11.8 
3 4.4 400 uw 81.5 15.5 3.0 race 16.2 
4 0.3 400 w so. 2 17.2 2.5 0.06 12.6 
5 51.3 wi! Pa) 76.9 19.0 0 Os 1 
‘ wd 401 120 “7.4 27.5 5.0 il 15, 
7 W.7 425 30 53. 7 "1.7 5. 5 12 11.s 
s 31.2 +) uw 19.4 72.1 &.3 25 10 
a $2.7 mM 30 144 78.7 6.6 2 7.7 
1 W3 im uw) 13.7 SL.1 50 2 5. 8 
ll wea Tri uw 9 92. 5 6.3 >.) f.4 
2 51.1 nM) 30 a 97.2 2.2 ) 2.2 
Average fraction III in percentage of total pyrolyzed 
part for experiments | to 7, inclusive. __. ea 14. 02 


other constituents of this fraction, with rise 
temperature of pyrolysis or extent of pyrolysis, 
noted. On the other hand, butene, the secon 
largest constitutent, passes through a maximum 
at 20- to 50-percent decomposition. Yields of thy 
various components in percentage of total pyro- 
lyzed part are shown in the last column of table s 
for experiment 5, which seems to have approxi- 
mately the average composition of fraction LILA 
Yield of the monomer, 1,3-butadiene, in experi- 
ment 5 is 1.515 percent; however, considering othe 
experiments, this vield varies from 2.27 for experi- 
ment 1 to 0.67 percent for experiment 9. 
Fraction ILLB could not be analyzed in the mass 

spectrometer, and no determination was made o! 
its average molecular weight. On the basis o! 
the same arguments given in the case of polviso- 
prene, this fraction most likely consists of th: 
dimer of butadiene and in the form of viny! 
cyclohexene, which is the analogue of dipenten 

CH,—CE, 

CH,=CH—CH “CH 
‘CH,-—CH 
Vinyl cyclohexene. 
CH,.—CH, 
/ \ 
CH,=C-(CH;)—CH “C.(CH,). 
“CH,—CH 
Dipentene. 
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TARLE S, Vass-sp: froamete analysis of fi acti 

4 

( 4 jim 

2s 4 ‘ 

/ s ; 

. 10.9 42 

“4 | 

" LD 10K 

i4 SS s 

ere wer i 1.4 
The gaseous fraction (IV) was also analyzed 
the mass spectromete! As in the case of the 


ther polymers, 
CH, CO, N2, Os, CO, 
\ctual analyses of this fraction were made for 
1, 5, 6, 9 10. Values for the 
were interpolated from the 

Yield of CH, in percentage 


total pyrolyzed part is fairly constant and is 


mixed with some and 


xperiments 1, and 
ther experiments 


xperimental values 


ial on the ave rave to 0.29 pereent of the total 
rolyzed part (table 7 
The 
ene, but not in cyclohexane 
this 


eeziIng-point -lowet Ing 


s soluble in ben- 
Molecular weight 
the 


therefore, 


wax-like fraction (I}) wa 


termination of fraction by micro- 


method was, 
in benzens The results are given in 


The 


4, signifying 


rried out 


average of six determinations 1s 


that the average fragment in 


raction IL consisted of about 13 to 
Phe 
velohexane 
The 
ving on pyrolysis lower vields of fraction IIl 
125° ¢ 


was observ ed to 


14 monomers 
residue was hot soluble either in benzene ol 
polybutadiene in 


peculiar behavior of 


t temperatures above Is undoubtedly 
ine to 


place when the tray was heated too fast. 


take 
In this 


spattering, which 
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this fraction consisted chiefly of 


IllAo ned / pyroly ) ladiene 
( 
j " . 
% I 
ye 
p 
s.4 
s s ‘ 
’ s 1.2 
8 6.8 4 { 4 ‘ 
; S j 6 2 — 
14 n ~— 
; 1 ” 
- ’ ( s 
i ‘ ( 4 
1 l $ 
i 24 p 1 
xs 
‘ 
“ " “) ” | j 
( 7 
i v \ exe 


case incompletely pyroly zed material rea head the 
condense! As a result, the vield of fraction III 
was reduced, and fraction IL acquired a highes 
weight. Turning back to 
the 


molecular 
that 


vreater 


average 
table 9, 
fraction IT is 
or above than for temperature below 450° © 


weight ol 
of 450 


In 


the case of polysiobutene, in experiments 14 and 


we see molecular 


temperatures 


15, table 1, the temperature of pyrolysis was 
150 and 160 # respectively, but no spattering 
Papi % | ge iolecula gl ; axr-lil frac 
11) obtained in t} / of polybutadier 
4 : M 
Fxy tur . 
( tI 
1 2 
‘1 
. ~) is AS 
1 
] 1% st 
l ‘ 1 r “4 
\ 
® Molecular weight determination was 1 the t 
II fr experiments 5 and 6 
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occurred, because most of the material was 


pyrolyzed before these temperatures were reached 


VII. Pyrolysis of GR-S 


GR-S, consisting of 75 percent of butadiene and 
25 pereent of styrene, was dissolved in benzene 
and precipitated with methanol. This was re- 
peated several times and the precipitate freed from 
Results of 


pyrolysis and fractionation of nine samples are 


methanol and dissolved in benzene 
shown in table 10. Here, as was the case with 
polybutadiene, the vield of fraction II] stays con- 
stant at lower temperatures, then drops at 426° C 
The average of the constant for the 
0.4 percent of the 
total pyrolyzed part. Fraction ILL was separated 
into fractions TILA, vield 3.95 percent, and IIB, 
\ ield 7.9 percent 


ol above 


first five experiments is 11.8 


Mass-spectrometer analyses of 
fraction TILA for all nine experiments are shown 
in table 11 
those obtained for fractions IITA from poly bu- 


These analyses resemble very closely 
tadiene. Apparently, styrene and toluene, which 
are decomposition products in the pyrolysis of 
polystyrene [1], were retained in fraction IIIB, due 


to their low vapor pressure at 75°C. =According 
Parie lt V spectromete 

; 

I r “ 

Et , » 

! s _ 
K 

Buter as 

K 

‘ 

| ~ 

! 
{ ~ 

Hexadien a2 

Hever “4 r 

He 





PABLI 10 Py olyt « fractionation of GROS 
Fractions in weight percent 
f original sampk Fract 
I Ill 
I Weight perce 
nt of sat ve 7... ut IN ww 
. or 
i pl I latil Volatile Ga tot 
t I ‘ORE at room eous pyre 
t room * meer! & ; 
‘ m ul ) 
emper aot te 7 
ture : 
( ‘ 
¥ 2 4 i | s 
ry ‘ si) 7.8 ? 0 ot 
" ‘ 62.2 24 is r 12 
" 1.0 in ‘ 4 is 28 
4 un ‘ 0 ¢ 6.8 9 
’ ‘ on S 
4 ‘ s,.4 i 
8 i iu me 
; 14.5 J i ‘ 
\ Ill | 
\peril lt s 


to Stull’s table [11], the 
SUN rene and toluene have a vapor pressure of lm 
In GR-S 


pyrolysis, as in the case of polybutadiene, the co: 


temperatures ato whi 


are 7° and ~ wae & respectively 
tent of 1.5-butadiene drops, and that of most o! 
the other significant constituents of fraction IITA 


rises with rise in temperature Composition 


s of fraction I1LA obtained in the pyrolysis of GROS 
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ction LILA in percentage of total pyrolyzed part 
shown in the last column for experiment 5, 
hich seems to have about the average per ehntage 
The vield 


f butadiene, according to this table, is 1.906 per- 


f components for all the experiments. 
nt for experiment 5. Considering the other ex- 
eriments, this vield varies from 2.14 percent for 
cperiment | to 1.71 percent for experiment 9 
\lthough in the case of pyrolysis of polystyrene, 
action IIL, which consists mostly of styrene, 
ould be analyzed in the mass spectrometer, frac- 
on IIIB from pyrolysis of GR-S could not be 
milarly analyzed, because of the complexity of 
he spectrum arising from the presence in this 
fraction of the dimer of butadiene, presumably 
nvl cyclohexene 

The gaseous fraction was analyzed in the mass 

spectrometer only for experiments 2, 4, 5, and 9 
The other 

determined experimentally. The results are shown 

n table 10 The average vield of CH, is 0.19 


Fraction IL was only slightly soluble in 


values were interpolated from those 


percent 
evelohexane, but soluble in benzene. Results of 
molecular weight determinations for four experi- 
ments are shown in table 12. The average mole- 
ilar weight is 712, corresponding approximately 
toa composition of eight to nine units of butadiene 
ind three units of styrene per fragment. Fraction 
| was soluble in cold or hot benzene, but not in 


eyclohexane, cold or hot. 


VIII. Pyrolysis of Polyethylene 


The polyethylene used in this investigation was 
| pure-grade polymer having an average molecular 
ight of about 20,000. It could not be dis- 
solved in the ordinary solvents and was used in 
he form of a suspension in benzene. Polyethylene 


roved very resistant to thermal decomposition. 
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Pyrolysis started at 360° and was almost complete 
at 475° C. The results of 
shown in table 13. Here the vield of fraction III 


13 experiments are 
was very small, the average being 3.40.5 per- 
cent of the total pyrolyzed part. There is a 
considerable variation from this average in the 
individual experiments, but this is to be expected 
in view of the fact that the weight of the liquid 
fraction was only 0.25 to 1.5 mg, and the accuracy 
Dur- 
ation of experiments at maximum temperatures 


of weighing was not better than 0.05 meg 
varied from 30 to 90 min. 


Pasnie 13 Pyrol 


Fraction Il] was divided into fractions TILA 
\lass- 
spectrometer analyses of fraction IILA for four 


and LIB in the Inahnhner deseribed above. 
experiments are shown in table 14. Polyethylene 
is unique In the sense that the macromolecular 
chain is devoid of any marks indicating the mono 
Thermal 


secs to 


meric units from which it is) built 
decomposition, according to table 4, 
follow a random pattern giving rise mostly to 
straight chain paraffins and monoolefins. It is 
likely that fractions IITB and IL consist of the 
same types of molecules, except that they ure 
table 14 


resemble each othe vers closely, in spite ol the 


longer. The four analyses shown in 


fact that the temperature of pyrolysis varied 
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from 105° to 475° C 


tion varied from 23.5 to almost 100 percent. The 


, and the extent of decomposi- 


average composition of fraction II] in percentage 
of total pvrolvzed part is shown in the last 
column of table 14 

Fraction IIIB can be assumed to consist of 
paraffins and olefins containing 8 to 15 carbons in 
the chain. The gaseous fraction contained only 
a trace of CH, 
quite insoluble in cold benzene, although solubk 


The wax-like fraction (11) was 


in hot benzene. The average molecular weight 


of this fraction was determined by the microfreez- 


ing-point-lowering method in camphor The re- 
Pasir 15 A ] U gi ( 1 } 
1) obtair } ly pe thyler 
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sults are shown in table 15. The amount of 


material in fraction IL was too small in mos 
experiments, and it was found hecessary In sone 
eases to combine the yields from two experiment 
The uve 


age of four determinations was 692, corresponding 


for a molecular-weight determination 


to an average straight-chain hydrocarbon frag 
ment of about 50 carbons. The residue was 
horny substance insoluble in cyclohexane 


benzene, hot or cold. 


IX. Discussion of Results 


It was shown in the course of this iInvestigatiol! 
that fractionation of the volatile products 
pyrolysis facilitates the analysis of the produ 
Whether by means of the mass spectrometer 
by other means. One striking result of this inv 
tigation is that in the case of polyisobutene a 
polvisoprene the vield of the monomer is prac 
cally constant within a wide range of te mperatu 
duration of experiment, amount of sample us 
or extent ol pyrolysis The same was found t1 
rn the pyrolysis ol polystyrene 1] In the ca 
of polybutadiene the vield of the monomer « 
creases markedly with the rise in temperatur 
pyrolysis. As to polvethy lene, one cannot spt ak 


a monomer, because the macromolecular chain do 
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have anv distinctive marks to indicate the unit 
} which it was built Nevertheless, the rela- 
amounts of small fragments up to about eight 
ons remains fairly constant through the range 
to 475 U 
wis pointed out in the previous papel that 
lysis of polymers, unlike molecular distilla- 
sa very slow process Although in the latter 
only distillation is involved, in the ease of 


ysis, distillation follows fragmentation, and 


rate of the combined process 1s necessarily 
it of fragmentation In view of this, the vapor 


hase will be very unsaturated, even with regard 
the larger fragments at the high temperatures 
ploved and will, therefore, not be very sensi- 
to the total pressure On comparing 1] the 

ork of Staudinger and Steinhofer, who pyrolyzed 
polystyrene at a pressure of 0.1 mm Hg, with that 
of Madorsky and Straus, who used a pressure of 
about 107°, it was found that the results were 
ibout the same, the vield of the monomer being 
13.5 and 40 percent of the total pyrolyzed part, 
respectively. A comparison of the yield of iso- 
prene obtained in this investigation with those 
found in the literature, is given in table 16. The 
vields are shown in percentage of total »yrolyzed 
part. There seems to be a good agreement be- 
tween the vield obtained in the present work with 
that obtained by Staudinger and Fritschi, at a 
pressure of 0.1 to 0.38 mm, or even with that of 
Staudinger and Geiger at a pressure of 1 atm, 
the values being 5.15, 4.9, and 4.2 percent, re- 
pectively. The vield obtained by Wall, who 
worked at a temperature and pressure comparable 
to those used here but used samples of only 1 mg, 


sin good agreement with the present work on svn- 
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thetic polvisoprene, 5 percent, but not for natural 
rubbers, where the vi ld was 2 percent, The \ ield 
obtained by Midgley and Henne, who worked at 
a temperature of 700° C and at atmospheric 
pressure, Was twice that obtained by Staudinger 
and coworkers, or by us. Particularly interesting 
are the results of Bassett and Williams, who 
studied the effect of rate of heating on vield. 
The vield of isoprene was increased in their work 
from 8.3 percent, when the heating rate was slow, 
to 12.9 pereent, when the heating was fast. On 
dropping 1-g pieces of rubber on a hot metal sur- 
face maintained at 600° C, the yield of isoprene 
was raised to 19.2 percent. 

Yields of the various fractions obtained in 
pyrolysis are summarized in table 17, and the 
average molecular weights of these fractions are 
summarized in table 18. Polystyrene is included 
in these tables for the purpose of comparison 
Even in the case of poly butadiene and GR-S, 
where composition of fraction IILA varies with 
temperature, the average molecular weight of the 
fraction as a whole is practically constant through- 
out the temperature range. In table 18, the 
values for fractions Il, IILA, and IV were deter- 
mined experimentally, whereas those for fraction 
IIIB were estimated on the assumption that it 
consisted of a mixture of hydrocarbons with 8 to 
15 carbons 

Fraction IIL contains the monomer, as well as 
the other small fragments, of py roly SIS The \ ield 
of this fraction can be used as an indication of 
relative fragmentation of polymers during pyro- 
lysis. In this respect, the polymers, as seen from 
table 17, fall into three groups: (1) polystyren 


and polvisobutene; y polvisoprene, poly buta- 
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Taste 17 Summary of pyrolytic fractionation of huyudro- 


carbon polyme) s (average values of fractions 





Fractions in percentage of pyrolyzed part 
Polymer 
Hop ana! 2 1\ Yield of 
Wax liquid liquid INT A + CH monomer 
like I IIB . . ‘ 
Polystyrene 7.8 2.1 ow O00 
Poly isobutene as ' 22.0 BLS 22 wd 
Poly isoprene m7 ry 11.3 Lad | 
Poly butadiene NS. 7 is 4.2 new uy O67 to 2.27 
GRS sO , oT) 11s Th L7lteo21M 
Polvethy lene wie ! i tru 
TABLE IS, Average molecular eights of fractions obtained 
in the py olysis of polymers 
Average molecular weights of 
fractions 
Poly 
il 1B LILA I\ 
Polystyrene tet » 1. 22 I 
Poly isobutene ‘ et 57.12 lt 
Poly isopre 1 6s. 45 " 
Poly butadic ‘ 1 Lo lt 
GR-S TI 1) {7.88 it 
Polvethyl ht) i te l" 
In the ease of polystyrene, fraction IIL was not divided into IITA ! 
111 KB, so that 106.22 is the average molecular weight of fraction HI 


diene, and GR-S; and (3) polyethylene. Frag- 
mentation, or the relative number of scisions occur- 
ring in the chain during pyrolysis will be deter- 
mined, on the one hand, by the frequency of low 
energy carbon-to-carbon bonds in the chain and, 
on the other hand, by the steric hindrance to the 
escape of fragments caused by side chains. Con- 
sidering the structural formula of the various 
polymers studied, we find that in those of group | 
every carbon-to-carbon link has a lower energy 
than the ordinary link. Thus, in’ polystyrene 
every C—C link in the chain is in 8 position to a 
double bond 


In this as in the structural formula below, dots 
C links. Similarly, in the 
case of polvisobutene, every C—C link in the chain 


is weakened by the side chains attached to every 


indicate low ~CHLOTEY . 


other carbon in the chain 
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In the polymers of group 2 every fourth C—\ 
link in the chain has a lower energy beeau 
being in the 8 position from a double bond. 


Polv butadiene 


For polyethylene, group 3) al the C—C links 
have the normal amount of energy. 

Relative thermal stability of polymers is illus 
trated in figure 2, where percentage of pyrolysis 
is plotted against temperature. Only those expe 
iments that were of 30-min duration at the max 
mum temperature of the particular experimen! 
are plotted. The order of stability. here js 
follows 


polyethylene polybutadiene GR-S 


polystyrene — polyisobutene~- polvisoprene. 
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iis order is in agreement with that found by 
ymour |S] 

On examining the mass-spectrometer data for 
petion TILA obtained from poly isobutene, table yA 


e find that, it consists, on the average, of 92.2 


Neopentane could be formed by first splitting 

as a free radical at position 5 instead of 6 and 
then picking up hydrogen from the surrounding 
macromolecules. Isobutane could form from iso- 
butene through saturation with hydrogen from 
the surrounding molecules. 

In fraction IIL from polyisoprene, mass-spec- 
trometer analysis, table 5, shows it to consist of 
v0.8 mole percent of isoprene and 4.6 mole per- 
cent of pentenes, the rest being small amounts 
of mono- or diolefins and evelodienes. All of 
these could form by splitting off from a free- 
radical end of a chain and transferring the free 
radical to the chain. For some reason no saturated 
compounds are found in this fraction. 

Thermal decomposition of polyisobutene, poly- 
soprene, and polystyrene, judging from the com- 
position of their respective fractions ITLA and ITT, 
follow simple patterns, consisting almost entirely 
of monomers, dimers, trimers, ete. In the case 
of polybutadiene, GR-S, and polyethylene, the 
decomposition patterns are rather complicated. 
In the decomposition of polybutadiene and GR-S, 
the vield of the monomer varies from about 60 
to about 20 mole percent of fraction IILA, the 
other constituents being mostly straight chain 
paraffins, mono and diolefins, and to asmall extent, 
evelodienes. The drop of monomer vield with 
rise in temperature was observed only in the case 
of polybutadiene and GR-S. This drop may have 
been due to an increase in the content of the dimer, 
presumably, vinyl cvclohexene, at the expense of 
the monomer, with increase in temperature of 
pyrolysis llowever, this should have been fol- 
lowed by a corresponding increase in fraction 
11IB at the expense ol LILA. The work done on 
the separation of fraction II] into ITLA and IIIB 
s insufficient to draw a definite conclusion in 
regard to the last point, This problem of mono- 
mer-dimer ratio in the case of pyrolysis of poly- 
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SLU7S8 oe 7 


mole percent of isobutene, 6.0 percent of heopen- 
tane, and 1.6 percent of isobutane. The isobu- 
tene could form by splitting off from a free-radical 


end of a chain in this fashion 


Isobutene 


butadiene (also GR-S), is tied up with a similas 


problem of isoprene-dipentene ratio in the pyrol- 


ysis of polvisoprene and requires more work for 


its clarification. 

In the pyrolysis of polyethylene very little of the 
small fragments is obtained. Fraction IIL ap- 
pears to be constant throughout the temperature 
range studied. Judging from the composition of 
fraction ITLA, the fragments consist of straight- 
chain paraffins and monoolefins and traces of 
diolefins. The most abundant constituents are 
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butenes, followed by n-butane, nv-propane, and 
n-ethane, 

Pyrolytic fractionation of polymeric substances, 
in conjunction with mass spectrometer analysis of 
the light fractions, offers an easy, quick, and 
dependable method for the analysis of these sub- 
Each 
spectrum in the mass range up to about 105, as 
With the further development 


of the mass spectrometer and the extension of its 


stances. polymer gives a characteristic 


shown in figure 3. 


range to higher masses, this new method should 
prove valuable not only in the identification and 
determination of purity of polymers and copoly- 
mers, but in the study of their strueture and 
By connecting the pyrolysis 
apparatus directly the 
analysis of the more volatile fractions could be 
further facilitated and expedited. 


properties as well. 


to mass spectrometer, 


The authors express their indebtedness to F. L. 
Mohler for many helpful suggestions; to R. M. 
Reese, who operated the mass spectrometer; and 
to M. Tryon, who purified most of the polymers 


used in this work. 
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Basis of the Application of Network Equations 
to Waveguide Problems 
By David M. Kerns 










A systematie and general formulation of the concepts and the conditions that underlie 





the technique of the application of network equations to waveguide problems is presented. 






r . . . | 
Ihe discussion is guided by a formulation of what may be called the transducer concept, | 
according to which, essentially, a transducer is a power-tfansfer device which is to be de- | 
scribed only in terms of external characteristics. Waveguide and circuit devices are con- 







sidered as transducers whose terminal phenomena are electromagnetic fields varying harmoni- 
cally withtime. The basic task is then the definition of suitable terminal variables character- 
} 






izing the terminal fields. The construction of variables of this kind for waveguide transducers 





is discussed in considerable detail; for circuits, for which suitable variables are voltage and 





current, the construction is sketched. Transducer theory is defined, discussed, and illustrated 





by the development of selected relations of the theory, and is shown to coincide with much 





of what is generally connoted by “‘theory of four-terminal networks.”’ 






As a matter of interest and importance in applications of the technique, derivations of a 





rather general reciprocity theorem and of a version of Foster’s reactance theorem are included. 






Both theorems apply to both waveguide and circuit structures. 









I. Introduction application of network equations to waveguide 








a problems. Indeed, no general and basic study 

The usefulness of the application of network has appeared, and vet there is an evident need for 

quations to waveguide problems is rather well such a study The primary purpose of the present 

nown. So-called equivalent circuits have been paper is to provide @ avretematic and hesic fextens 
sed since the beginning of intensive work in the lation of the technique in question. 






microwave field, and they are employed in an 





The discussion begins with a brief formalization 





nereasing number of published papers. This 






of what may be called the transducer concept, 







mployment of network equations, however, often 





according to which, essentially, a transducer is a 






Hhece ssarily uppears to rest to a considerable 





power-transfer device which is to be deseribed 





vree upon intuition, or upon assumed, rather 






only in terms of external characteristics. Al- 





than proved, analogy with behavior of low- 







though the ideas here involved are familiar, it is 





frequeney circuit devices. It is, of course, readily 





important that thes be specified with reasonable 






iecepted that the procedure can be logically formu- 





precision and completeness, since the whole «ais- 






ited and that analogies can be proved. Valuable 






cussion may be regarded as a development of the 





CUSCUSSIONS have in fact been riven by Saxon,! 





application of the transducer concept to a particu- 





Altar? and others. Footnote references 1 and 2 





lar class of transducers 





both contain, in particular, proofs of reciprocity 





The basic task is thus reduced to the formula- 





theorems applying to waveguide structures and 





tion of a method of quantitative description of the 





thus establish an analogy of the kind mentioned 
above. But neither of these references is primarily 
concerned with a general and basic study of the 






external behavior of a class of transducers whose 








terminal phenomena are electromagnetic fields 







varying harmonically with time. This class in- 





Radiatio hevetary Wy nemorandum, consisting of an introductory : ° = 

f emay aeaporhn gata sie bey ag wn mg 2 ate eng ~ re Se ss eg ma cludes both waveguide and conventional circuit 
lides, prepared b id S. Saxon (Feb. 1945 : : : 

2? Willian tu oe inet Rad he ner., 35, 478 (1947). devices In many cases (and only such are con- 
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the tern inal clectromaegnetic fields can 


sidered 
be adequately characterized for purposes of trans- 
ducer theory in terms of a finite number of pairs 
of variables The construction of variables of 
this kind (terminal variables) for waveguide trans- 
ducers is) discussed in’ considerable detail; for 
variables are voltage 
Once 


eireuits, for which suitabl 
and current, the construction is sketched. 
terminal variables are defined, the characteristics 
of a given transducer can be quantitatively de- 
scribed in terms of the relationships imposed by 
the transducer upon its terminal variables. 
Transducer theory may be said to be the study 
of properties of classes of transducers defined by 
the specification of the mathematical form of the 
relations connecting the terminal variables. In 
the present instance, transducer theory so defined 
coincides with much of what is generally connoted 
The 


method and the meaning of transducer theory 


by “theory of four-terminal networks.” 
from the standpoint of this paper are illustrated 
by the development of a number of selected rela- 
tions. 

Finally, as a matter of interest and importance 
in connection with the application of the technique 
(but not as something fundamental to the tech- 
nique itself), two theorems are proved: namely, a 
very general reciprocity theorem similar to one 
given by Diillenbach, and a version of Foster's 
reactance theorem which is somewhat more gen- 
eral than that given by MacLean! These the- 
orems are given for transducers of either wave- 
guide or cireuit type as deductions from Maxwell's 
equations. In order to prove theorems of this 
kind it is, of course, necessary to impose suitable 
hypotheses concerning the interior of the trans- 
ducers considered, Transducer theory proper, 
which is exclusively concerned with terminal 
phenomena, provides an extremely useful frame- 
work in which to state results, which may indeed 
be of either experimental or theoretical origin. 

The treatment given here was developed as a 
part of the material for a course of lectures given 
at the National Bureau of Standards by the author 
in the spring of 1947. 
the pedagogical aspects of the lecture material. 
The topic was suggested by Harold Lyons, and 


This paper retains some of 


the author is grateful to him for suggestions and 
encouragement in the preparation of the peper. 





'W. Déllenbach, Der Reziprogitatssate des elektromagnetischen Feldes 
Archiv far Elektrotechnik, Bd. 36, Heft 3, 153 (March 1942), 
*W. R. MacLean, Proc. Inst. Radio Engrs., 33, 539 (1045). 
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Il. Transducer Concept 


Sinee much use will be made of certain een 9! 
ideas involved in the concept of a transducer, | 
desirable to include definitions and a brief « 


cussion of these ideas. A suitable basie definit 


is that a transducer is “a device actuated 
power from one system and supplying power in | 
same or any other form to a second system 
The surfaces (or points) through (or at) which 
power enters or leaves a transducer will be called 
terminal surfaces. This term will serve for general 
purposes, and it anticipates the more speci 
meaning to be imparted later. The generalizat 
of the basic concept to include transducers wit! 
terminal surfaces is useful and is made her 
except perhaps for n=1, this generalization js 
quite acceptable. For n=<1, the term transdin 
is not apt, but it is convenient to have this cas 
formally included. The use of the term transd i 
usually implies a concentration of attention 01 
external characteristics of a device. This aspect 
of the concept is taken as fundamental and 
developed in the following paragraphs. 

The description of a transducer, as such, is to | 
accomplished solely in terms of phenomena oc- 
curring at the terminal surfaces; that is, only such 
quantities come into consideration as are acces- 
external 
transducer let the variables quantitatively spe: 
fying the terminal phenomena, the term/nal 
rariables, be denoted by .X,, Ny, Ny, 2... Th 


characteristics of the transducer are then 


sible to measurement. For a’ give! 


rat hae 
matically expressible as the aggregate of the 
relationships imposed by the transducer upon its 


terminal variables: 


Sets of equations of this kind, deseribing thy 
characteristics of a transducer, wili be called th 
equations of the transducer, 

One is ordinarily interested not only in the 
properties of individual transducers, but also in 
the properties of transducers formed by combina- 
tion of other transducers. The characteristics o! 
a composite transducer can be calculated from tt 


§ Webster’s New International Dictionary, 24 «¢., unabridged (G, 4 
Merriam Co., Springfield, Mass., 1994), 
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aracteristics of its individual members if the 
lntions connecting Val iables of one transducer to 
ariables of another (when the two transducers are 
ined) are provided. Equations expressing the 
lations imposed by the joining of two trans- 
wers Will be called joining equations. 
Transducer theory may be defined as the theory 
properties of classes of transducers, the classes 
being defined by the imposition of hypotheses on 
he mathematical nature of the transducer equa- 
Lions considered, and the joing equations being 
ven. Transducer theory thus vields properties 
possessed in common by all members of a given 


lass and is distinguished from any theory dealing 


h particular properties of any individual 
member of ans class, or, hore generally, from ans 
heory depending upon hypotheses concerning the 
nner nature of a transducer 

The se ideas have served as oa eeneral euide I 
he organization of the subsequent discussion, and 
hey are more specifically emploved and thus 
istrated) in seetion VI. 


III. Waveguide Transducers 


The term warequide, as used throughout this 
auper, denotes those tVpes and only those tvpes 
msisting of either one hollow conductor or two 


onductors, one of which Is hollow and encl Ses the 


othe The term therefore includes tvpes ol 
aveguides, such as hollow rectangular pipes, 


vhich do not support a principal mode, as well as 


pes, such as coaxial line, which do support a 
neipal mode 


ally ce fined as a transduce er thieat has Waveguide 


“7 
\ warequide transducer is for- 


wis for its imput ana output connections. The 
imber of waveguide leads is arbitrarv, and thy 
ieguides may individually be of arbitrary 
oss section. The leads of a waveguide trans- 
cer are, by hypothesis, #dea/ waveguides: that 
Waveguides of pe rfecthy eviindrical FeOInetry, 
ve ol pe rfectly conducting metal, and filled with 
Theat pula that Is homogencous, isotropic, non- 
ssipative, and linear. The terminal surfaces of 
Waveguide transducer are cross-sectional (mathe- 
atical) surfaces within the waveguide leads (on 
within the waveguide leads projected The 
interior of a waveguide out to a terminal surface is 
un integral part of the mterior of a waveguide 
transducer There Is, however, no criterion, 


axcept that of convenience, for the location of a 
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terminal surface along a waveguide lend. It will 
be convenient for purposes of visualization to 
regard the terminal surfaces as being located 
within the waveguide leads at some cistance from 
any discontinuity, as indicated in fgure 1. A 
shift in the position of a terminal surface from one 
given position to another is equivalent to con- 
necting a transducer consisting of the appropriate 
length of tdeal waveguide at the original terminal 
surface in the waveguide in question: this is a 
mathematical precess and the details are eiven at 
a later pomnt im the aiscussion (see. VI 

Examples of waveguide transducers may by 
found among devices emploved in practice in the 
entire audio-radio spectrum. Such devices may 
be, for example, attenuators, cavity resonators, 
transformers, crystal mixers, transmission svs- 
tems consisting of sending and receiving antennas 
and intervening space and = objects, sections 
of uniform waveguide, junctions and transt- 
tions between two or more waveguides of one 
or more types, and amplifiers. Provided merely 
that they possess waveguide lends, such devices 
are directly admissible to the class of wave- 
cuide transducers, regardless of the frequen- 
cies for which they may be designed. For prac- 
tical reasons, the waveguide leads of a low-fre- 
quency device must, of course, be of a tvpe that 
supports a principal mode. The concept of a 
waveguide trensducer Is effectively il eoneraliza- 
tion of the usual concept of a 2n-pole (or a 2y- 
terminal network 

The specification of ideal waveguide leads facili- 
tates the mathematical definition of terminal 
variables which precisely describe the electro- 
magnetic field on a terminal surface: the corre- 
sponding physical situation is well-defined, since 
unshielded leads are exeluded As far as the 
mathematics Is concerned, the subsequent treat- 
ment applies unchanged to ideal waveguide con- 
sisting of open parallel conductors. But at very 


high (microwave) frequencies the hypothesis of an 
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ideal waveguide of this type is practically unten- 
able. On the other hand, the fact that at suffi- 
ciently low frequencies the exact geometry of 
leads becomes unimportant is familiar, though 
perhaps not obvious from the standpoint of field 
An indication of the nature of the approxi- 


mations involved in the consideration of parallel- 


theory 


conductor and ordinary wire leads is given in the 
latter part of section V. 


IV. A Class of Problems of Special Interest 


It is assumed that the field within a waveguide 


lead varies harmonically with time, with fre- 


quency w. This case is in itself very important in 
practical problems, but the assumption actually 
loss of venerality, 


involves no real since an 


arbitrary time variation may be resolved into 


sinusoidal components. The time dependence 


will be represented by the implicit: factor exp 
jot), and the treatment will thus involve complex 
amplitudes, rather than instantaneous real quan- 
tities. Within a waveguide lead, then, the electric 
field EB and the magnetic field H satisfy Maxwell's 


equations in the form 


curl E 
curl A 


jou | 
jweE) 
Where the parameters uw, e€ (representing respec- 
tively permeability and dielectric constant) are 
positive real scalars independent of EB, H, position, 
The field is, 


moreover, subject to the boundary condition that 


and time (yu, e may depend upon w 


the tangential component ol E vanish on the 
surface of the waveguide 

The most general field satisfying the above 
differential equations and the boundary condition 
can be expressed as a sum of an infinite number of 
elementary parti ular solutions (modes) charac- 
teristic of the cross section of the waveguide. 
The facet that the wavecuice modes cannot easily 
be cale ulate alin detail ONCE pl flora very few simple 
shapes of cross section is here immaterial. For 
the purpose of this paper, only general results of 
the theory of waveguides holding for waveguides 
ol arbitrary cross section, are needed Kor a 
given waveguide, and at any given frequency, the 
number of nonattenuated modes is finite or zero, 


and the number of attenuated modes is infinite 
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The class of problems primarily to be conside: od 
in the text of this paper is now limited as follo 
It is assumed that one transducer interacts w (| 
through 
It is furt 
assumed that this one-mode condition is fulfilled 


another (when they are connected 


agency of only one waveguide-mode. 


as a consequence of the following more detailed 


condittons, which correspond to the usual cas: 


practice: (a) the operating frequeney is such t 


one and only one mode can be propagated with 

attenuation in a Waveguide (the propagated mo 

is then obviously the lowest mode), and (b) thy 
length of waveguide lead is great enough to pro- 
vide very high attenuation of higher modes 
These conditions insure that the waveguide Jead 
interconnecting two waveguide transducers wil 


Regardless of th 
complexity of the field which may exist at either 


act as an effective mode-filter. 


end of the section of ideal waveguide, the trans- 
ducers can interact only through the ageney of th: 
one nonattenuated mode 

It may happen that the one-mode hypothesis 
still applicable, even if a waveguide supports 
nonattenuated modes, or more than one no 
attenuated mode. Sut such cases are relative 
rare in practice, and will not be considered « 
plicitly. It is, interest 


however, of some 


drop the one-mode hypothesis and Lo consid 


any finite number of nonattenuated modes « 
tributing to the interaction of two waveguid 
transducers, even though this case is also or 
seldom encountered The extension of the sub 
sequent theory to cover this more veneral cast 
not difficult: it is given in the appendix. 

\ given system can be resolved into simp! 


svstems— consisting of waveguide transduce 
satisfying the one-mode hy pothesis in the for 
adopted insofar as the given SVsteln Consists ol! 


parts connected or separated! by suflicrent 


long sections of waveguide in which only «1 
mode is propagated without attenuation. T! 
essential point to be observed is that an int 
connecting lead by hypothesis is a section of id 
waveguide, This is not to say that an imperfe 
physicai junction between waveguides cannot b 
involved; an imperfect, junction, like any oth: 
discontinuity, belongs in the interior of a wav 


vuide transducer 
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lt mia be noted that the conditions that have 
en imposed (viz., harmonic time-dependence, 
d the one-mode hypothesis are directly con- 
ned only with the situation within a waveguide 
d:no condition Is directly unposed on the nature 


the interior of a waveguide transducer. 


V. Definitions of Terminal Variables 


The task now is, first, to set up suitable defini- 
is of terminal variables, and then to consider 
most Unportant properties of these variables 
defined In accordance with the one-mode 
imptior introduced Im section Ag it will be 
ficient to consider only one mode a” non- 
enuated mode—in specifving the field on a 
eguide terminal surface 
It is desirable at this point to set forth briefly 
ilts of Waveguide theory in sufficient complete- 
ss to meet later, as well as Wnmediate, needs 
From waveguide theorv, it is known that the 
sVerse Components E,,,, H... of the most veneral 
mode waveguide field with harmonic time- 


ndence mav be written in the following form: 


E C,, exp 1), exp(js Eom) 
H Cr exp(—j7e 1), exp(j8 i cs) 


BE ) I H ) ge pm 5.2 


hese expressions, the subscript m denotes the 
ide considered: the coordinate and thre 

tor k ure parallel to the « vlindricalsur- 

of the waveguide, with positive sense cli- 

| into the transduces a ure 
pectively, phase constant, wave-admittance 
electric-field) function characteristic of the 
“le involve ( }),, are arbitrary complex 
iplitudes at ) of the traveling-wave 


ponents of th field travel ne im the POSILIVE 


negative ~lirections espectively, The 
eonstant | and the wave-admittance ) 

depend upon the frequeney (« the 

tants of the medium (yn, € the geometry 

the cross section, and the mode involved; 
principal modes, howevel re) Win VY Umeé 

V Em! be For all nonattenuated modes | 


ad) ure’ real ana positive The vector F 


I 


es inh a transverse plane and isa funetion ¢ 


sition in the transverse plane but not of 
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the form of F,,, depends upon the geometry and 
upon the mode involved. The field equations 
leave F,, undetermined to the extent of a constant 
multiplier. F,,, is then uniquely determined 
(apart from sign) by the convenient normalization 


F? dS=1, (5.3) 


the integral being taken over the cross section 
S,, of the waveguide; eq 5.3 requires in particulat 
that F,,, be real. F,,, is one member of the set of 
mutually orthogonal functions for the different 
modes in the m' waveguide, 

It is now a simple matter to define the terminal 
variables. It will be worth while to consider 
definitions of two alternative pairs of variables 
The terminal surface is for convenience specifically 
taken as a plane cross sectional surface; the 
tangential components of the field on this surface 
are then E H . ads given by eq 5.1 for the paar 
ticular z,,-plane in which the terminal surface lies 
The possible values of E,,, H,, on the m'™ terminal 


surface may be « 


pressed in terms of qyurarrtit 


ec / by means of the equations 


E, = Vny7i2Eom;) 


4 
H.=Iny2Hen: ) 
or, alternatively, in terms of quantities c1,,, 3B 
by means of the equations 
E . A B E >) _ 
H.=7722(An—Bu)Hons) 
where 1 denotes thr pos tive root ot a posit Vi 
real number to be chosen at conventence Phress 


! 


equations formally define the terminal variables 
if l and <A, Bb \ and J are CODLpPLey 
amplitudes respectively measuring the total tan- 
gential electric and magnetic components of the 
physically determined field on the terminal sur- 
face. A, and B are complex amplitudes respect- 
vely measuring the incidene and emergent 
travelling-wave components ol the physically 


determined field on the termina surtace ait 
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dependence ol | / and <1,,, B on 


apparent upon 


‘ which ~ 


comparison of the defining eq oA 





9.5 with eq 5.1, is not indicated explicitly, sine 


the terminal Suriace is ordinarily considered to be 
na fixed position. The pair Vy / 
A RB rt 


the equations 


and the pet 


obviously related Lo each other by 


V.=A,+B 24 V 4a 


defined in terms 
The 


equations for the 


Kither one of the pairs co ild be 


of the other by means of these equations 


expressions Lor powel and the 


nterconnection of two wavegcu de transducers Iti 


terms of these variables are of essential interest 
and are easily obtained 

Consider the complex power I supplied to 
This 


power 1s given by the inte eral of the ward normal 


the transducer at the ? terminal surface 


component ol th pl \ Poynt ne’s vector ovel 
the terminal surfa: 


Ww Ex H*) -k,d8, 0.7 


where H* is th complex conjugate of H The 


eal part ol i s the time average of the instan- 


tancous input pows and the 


i s the 


char a 


Imaginary part of 


amplitude of the reactive power ex- 
rminal surface 

the defining eq 5.4 for J T,. the 
5.2 of Bon, H.». and the normalizing 


one tnas 


across the Employ ne 
definitions 


condit on 5 


In this form the real and the maginary 
exhibited 


parts are 
of the 
12 on the right-hand sides of eq 5.8 
that | [,, and A,,, B 


preted as peal rather than as 


separately CSECTICE Inetor 
5.9 means 


as defined are to be inter- 
root-mean-square ) 
amplitudes 

The mathematics of the Interconnection ol 
waveguide transducers is handled by considering 
that a terminal surface (No. 1 say 


of one trans- 
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ducer comeides with a terminal surface No 


Say of another lor the time being, it 


that the 


Is assul 


terminal surfaces coincide 


ii po 


within the Interconnecting lead t some dista 


i 


from any discontinuity, as indicated in figurs 








With the 
the actual field on the 


common terminal 


suriace sO 61oOcut 
surface Dia be assun 
to be very nearly the field of the on 


nonatt 


uated mode The transverse components oO 


field on the surlac ras then be deseribed | 


alternative pairs ol equations 
E,=Viva'?Eu, ) 
H,—1,7'2H ) 
B,=Vina'"*B.2. ) 
H.—1.y'2H ) 


which apply respectively to the two sides of 


Ssurlace In ordel that the whol field ho 


and tangential components be continuous a 
the mathematical surface, it is sufficient (as we 
that the transition of the tang 


components of E, H be continuous at all po 
of the 


Hecessary 


surface Thus eq 5.10 and 5.11 must 


sent identically the same field 
E,=E.,, 
H.-H.,. 
Using eq 5.2, these equations becom: 
ViF alyad VF 02(Vo2) 
Lk XP alvaY They XP o(¥o2o¥ 


‘> 
2 are electric: 


and F F (ss 


Waveguide 1 and wavecuide 
identical: henee it ) 
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' 
' 


that F ana F are chosen to have the same eq 09.9 Krom eq 5.6 the relat on vert 
the equations expressing the fact that the + and p s given by 
» transducers are omed become 
| , 7 7 , 
p it) 
| N23 | ! mn . 
| r/N Both quantities, 4 and p depend not only on 


the characteristics of the waveguide transducer 


involved but also upon the excitation and ter- 


( VESSLO ) e same fact 1 Ss 
"T are - " n terms of Ay, mination at terminal surfaces other thar thy 
1.. Bo is é; 
". efinitions of more general quantities of 
Vie. =B _ 
hot} types 
N'A | ; i - 
/ | 
since the value of 4 s arbitrary and = since | 
should also be recorded The first is a transfer 


Tuice land 2 are elect! cally identical it 3s 
iunpedance, the second a transmission factor (et 


irly convenient and sensible to have y 4 

herwise an apparent discontinuity appears at a parenthetical remark above), from the 7 to the 

where there is no physical discontinuity at "terminal surface These quantities are of 
If - - then UN ] and the above course no more characteristic of a waveguide | 
ons duce to transducer than 4 and p ure 
That partic lar value of > that corre spore lo | 

V a } F field COnSISLING solely ol nn mcidtent Wave 

; 1 12 P 0) is called the characteristic impedance of 

the field in the m™ waveguide This character- 

| 3 stic Impedance has the arbitrary value 4 The 

( 9.138 most convenient speci Value to use ts l 

B,=A ) ohm } L Bidy n), irrespective of the 

of the characteristics of the waveguide with which 

= OS aesumes that the 7 are so chosen that It Is associated Since this makes y CGisappeal 

equations are always of this form n the formulas, however, it is slightly more in- 

The following definitions are useful and serv formative to leave Yom arbitrary, and it will be left 


ne’ out turther sronifieanes 0 ’ ( i? 
z out furth gnitica f the terminal arbitrary in the subsequent general arguments. A 


ibles ; ana ; The ‘ { > 7% ; . . 
1] \ [,, and A,,, J Phe quantity set of V’s and I’s or a set of A’s and B’s mav be 
suid to represent thre fields with which they are as 
5.14 sociated It wall bye convenient to cdesienat thre 


two schemes as V, J/-representations and .1,B-rep- 


Heck thy edance of the field on the m* resentations respectively \ particula repre- 
nal surface : mav be further character- sentation of either kind is defined by speciiving 

d as a lool 7 impedance, since, if the real a particular set of characteristic impedances 
of - iS positive the average power input Phe quantities | / A Jib are not OTCAUMMATIN 
the 7 term nal surface is also positive eq 5.8 regarded iis ciirectlhy measurabl except possibly 
at V., J, at low frequencies), although their values 
R hnhaviven case in any chose h representation can bye 
| f 9.10 calculated from experimental data f desired But 
the actual values of the terminal variables them- 
the nature of a reflection nector The term sevles re seldom ot interest The terminal Vari- 
( coeficient is ordinarily applied only when ables serve as extremely useful auxiliary quantities 
| 1's other than A,, are zero and the transducer for the calculation of quantities of more direct 
self does not act as a source If the absolute hterest such as power, power ratio, Mpecanes 
vtin ol y s less than wUpity the average powe! ole which involve only products and ratios of the 

put at the m terminal surface is positive terminal variables 
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It may be noted that the commonly used values 


of characteristic impedance, such as, for example, 


~ 
for all types of waveguide ; 


Y= wave admittance 


for rectangular waveguide 


of dimensions wh, h<w 


i 
- log for coaxial waveguide, 
ry 


| 
or) 





radi P20) 512 


have no special significance in the theory of wave- 


cuide transducers. The actual usefulness of the 


quantities 5.18 as characteristic unpedances is 
| 


largely in the calculation by conventional trans- 


mission-line equations of reflection at a plane 
junction of two waveguides of similar geometry 


but of 


calculations 


differmg dimensions or media Such 


howevel ure nob im the domain of 
transcaucel theory 


differ in no essential 


For principal modes, V,,, / 
respect from voltage and current as defined in the 
treatment of transmission lines as cireuits with 


distributed constants. ‘Transmission-line voltage 


and current mav be defined by the line integrals 


shown in fig IS any path trom 


; 


on conductor P?? to a point on conductor 


( IS any path encire ing the conductor ¢ and 


both paths of integration are restricted to lie 


surlace the terminal surface S 


components of curl E and curl H 


in a transve 


riace are zero tor a 
neipal mod independent 
the part cular ath , and the defin 
ther Lave rea W Th quantities 
ives of EB, H 
respectively, just as are eq 5A This 


is enough lo Isl that , and | / 


same physical meaning whenever 


hav © 


eq 5.19 do have meaning. Numerical agreen 


between v,, 7, and V,, J, can be obtained 
suitable choice of 4 
A calculation for the special case of coaxial w: 
above statements 
the field-function / 
for the principal mode is F,—N grad (log 


vuide will illustrate the 
the radu are 72, 7 ry >) 


\ 


where 7,<r<ry, and the normalizing factor 


Io . » . . 
( 2x log”) makes F, satisfy eq 5.8. Usin 


5.2, and writing out eq 5.4, one obtains 
E—VN(y7,Y grad (log 1 
H—IN(y,¥ a 


i 


crad log / 


It is expedient to choose 7 In) log 


now voltage and current as given by eq 
calculated from the field given by eq 
finds 


crad (log 


vrad log 7 ds 


IN (y.¥ k 


where the sense of the integration for 7 cor 
Thus 


identity of the two definitions is established 


sponds to the positive sense of k 


parti ular case 

The power equation (5.8) and the joining eq 
tion (5.12) for wavecuide transducers are forn 
the same as the corre sponding equations for a 
euits, mm which conventional voltage ana curl 
appear as terminal variables It is instructive 
examine, even though briefly, the role of curt 
and voltage from the present point of \ 
Voltage and current asso inted with any pa 


conductors P,Q) may be defined by the line 


lg f H.ds, 


where © path from a point on 
ductor P to a point on conductor ¢ and ¢ 
anv path encircling the conductor ¢ not 
CHLCLrs ling conductor r. These cle finitions I 
be applied, lor exampl , to the conductor geomet 
illustrated in figure 4, as well as to that of fig 
3, Which may now be taken as a particular ci 
section of a pair of conductors that are not ne¢ 


sarily evlindrical. The definitions 5.21 ean ha 
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act meaning for wholly arbitrary paths Cpa, Ce 
nly for static fields, for which Maxwell’s equa- 


ons imply 


E erad ¢, at all pomts, 


curl H 


0, at all points outside conductors. 


ie conductors curl H J and therefore av 
where J is the density of conduction cul 
The cones pts ol voltage and current, how- 


are applied not only to static (de problems 


t 


iso to certain nonstatic (ac problems 
necessary condition for the applicability of 
such lo alternating-current 


iit theory us 
is that the dimensions of the system be 


roblem 
" 
| 


all enough, and that the frequency be low 


h so that roughly, Ww \ Me d « 1. where d 
representative linear dimension of the iup- 
iratus When this condition is fulfilled, retarda- 
Th Tha by neglected, and the field is said to be 
sr-slalionary The assumption Of a quasi-sta- 
mary field does not imply that curl BE (every- 
here) and curl H (outside conductors) are neeli- 
vibly different from zero: an inductor is charac- 
ligible value of qoudll, and a 
is cl auract rized by a Honey igible value 


Chus in} the 


does not exist in an alternating-current 


i Honey” 
strictest sense of eq 5.21. 


if inductance is present, and current does 
capacitance is) present Cireuit prob- 


terized by the fact that regions 
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in which the conditions 5.22 seriously fail are 
localized, and can be isolated by means of suitably 
drawn terminal surfaces on and near which eq 5.22 
may be assumed to be satisfied. For present 
purposes this may be taken as the qualitative 
definition of a circuit problem ; it leads directly 
to the existence of voltage and current as ferminal 
oar hale S. 

To see more fully what the foregoing statements 
mean, consider a transducer having just one pair 
of perfectly conducting wire leads, as illustrate J 
in figure 4,a. The power output from the trans- 
ducer is 

W=i[E 


H* -kdo: 
where ¢o is a surface enclosing the transducer, and 
k is the outward normal unit veetor on o. Th 
output power is delivered to whatever system may 
Since E 


areas cut out of ¢ by the conductors That be omitted 


be outside oa 0 in the conductors. the 


nteszration. Let S denote the 
S is boun led by the two 


from the surface 
pi ol o remaining 
made simply con- 


curves Cp and Cy, and may be 


nected (Gf desired by a cut joining Cp and C% 
fig. 4,b If it is now assumed that the condi- 
tions 5.22 hold on S, the expression for power may 


vector identity 


re) curl H 


be transformed as follows The 


curl (6H* vrad @ H* 


reduces to 


curl (¢H* Ex H,* 


ut points on S Hence, « mploy ng Stokes’ theorem 
with due regard to signs 


W——}| curl (@H*)-kds 


: f oH*-ds 


With the choice of signs tnditeated im figure 4 
or paths lying in S, 


“E as DP. OP, 


i ) H.ds f H.ds, 


aud thi lust eX pression lor powell becomes 


] 
4 


i 








ws expected oted that it was not nec- -assumed, + formal 
sary. to ons directly concernin 
either the region nside S or the region outside S 
If now Sis re 


rarded as a common terminal surface 


of two transducers (No nside, No outside 
jou for voltage must be The | follow directly from. the 

5.24. The generalization 
o.24a 5.26 with 4 £4 


s not of the same forn 
ralization of eq 5.14 with y,, ¥7 
thr ‘ 


surfaces of tors nie equipotential 


al funet onin the neighborhoos VI. Transducer Theory 


a terminal surface In equating and v, the 


! 
Siriee 


Surfaces ola potent 


power equation 
the two quantities are assumed : 


Tf thy POSTLIVe directions of ana 


respective transducers at 


I 


thre oming equations fol 


24h 


ehborhood of a terminal om dea basis for the development o 


be continuou theory for the class of waveg 
+} 


representation r ‘ corresponding equations lol 


! 
cine 


ts appear in a apart from the nherenthy similar physical 
nserted i ( pliaanitit ne tha equations 
a.b-representatio waveguide a iret the 
clentity theory « 

oped lol so valid for the o 
Those parts of networl theory that an 


sauce! theory are in fact immediately 


lal Wwavecuide trounsdu Thus the | 


etter o 
purpose implied by the title of this paper was 
ually accomplished when eq 5.8 and 5.12 


formally the same 
i} 


it eonstants + whic ot Ip The purpose ol this section wm ton 
emploved ure s itably ! i lly thy m thods nl al thre Meaning ol t 


ol thr trans | 


ducer theory, mostly by presenting 


amples of the theory 
mpedances of leads ly \\ || bye 


terminal variables 


convenient to use the term 2 
me physical meaning as any transducer whose terminal phenon 
exist in the cirenit : harmonically varvu 


clectromagnett 
si-stationary ana the \ an be 


specified in terms of 7” pairs ol 
Mnergent waves mum i ; / such that eq >.S and 7 |}. apply 
formal. But the pro vari V... J» may be of the kind define: 


either waveguide or cireul 


theory as applied to lit transducers 


Vial 
problems: when ap of both kinds may naleed uppear mn one 
rs it leads to a formal variables for a given transduce By the 
rvent waves, each definition, a cireuit or a network with 7 


couventional terminals (or wire | ads) | 


Which I 


physically defined incident and emergent waves \ 


kor completeness pourninis 


inear combination of th 2? 


wavecuic transducer which has » leads 


equations mn an 


which satisfies a one-mode hypoth sis (whether 
hould be written down. If. as not in the form specified in see. TV 


a.b-representation | is A 
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isducer which has waveguide 


ch satisfies a \ mode ry neralization 


2S)5 AX,,-pol 


toned 


hypothesis il 


nonattenuated mode 
ruide (appendix 


ai W 


transd 

phenomena 

thisadtice! theory Ss CONC! 

| amplit a 
La pol 
tem, and J co 

esponding velocity amplit al 


t1On thre powell 
nsauce 
differ from 
These re marks partly sues 
transduce theory 
ry eeneral been s( 
ternal phenomena 
interpret 
er-theory 
treated in the following 
to he able Lo proceed, 
basic a@ssi mption cConee 
ependent equat Ons th: 
I i 4 pol 
the m 
thie 
worl ne 


tions. but it does not 


iss of 2n-poles kor thr pul Oses 


theory a cless of 2 poles defined 
thie mathemat of the 
nee 


riven only tO 2? poles that 


hy thr followin ener 


cond 

SSLLCSS will 

LPOUMOW ING 

wealth ( 

relations rel rm theor 
I only i 


ent upon 
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Needh Ss LO Say thre hvpothese S mentioned above 


and others lo bye ‘ nuploved mre not unrealist i 


1. Linear 2n-poles with terminal variables V,,,, |, 


‘| he equations ola 2 pole in terms of term nal 


variables V,,, J,, mav be written 


where se 
stants mae pe ndent of V 


f equations, at least one 


n-rowed determinants of the v-2 matrix 


ol th coetlicients Ol thre V snd thi / must be 


different from zero. This means that the system 
of equations 6.1 can be solved for at le: Oni 
different sets of nm variables 

out of the 2n variables V 

/ This much is) known 

eneral hypotheses. For the purpose of 

assumed that eq 6.1 can, in pal 

lor the { "s or for the set 


rrthan corresponding 














( nonzero With thr aid © 


and the one-column matrt 




















the system of equations (eq. 6.1) may be rewrit- 


ten as the matrix equation 
C(V-DI-G=0. 6.3 


To solve for V, this equation is multiplied through 
from the left by C', the inverse of C: 


Z1 - O.58 


where Z CD, V, CG. Similarily, 
multiplying eq. 6.3 through by J) 


J=YV+I/,, 6. 


where } pC. I, DG. The matrix iden- 
tity DC “Ip may be used to obtam the 


relations 


Z ia f ZI, (or TI, Fv.) 6.4 


The significance of the matrices of constants, 

YY. V,. J,, is readily elicited. If the magnetic 
fields are reduced to zero at all terminal surfaces 
7-0), then, from eq 6.3a, V V, Hence the 
one-column matrix V, is the matrix of open- 
cireuit ™ electric-field amplitudes. If the electric 
fields are reduced to zero at all terminal surfaces 
V--0), then from eq 6.3b, J—J,. Hence, the 
one-column matrix J, is the matrix of the short- 
cireutt magnetic-field amplitudes. The relation 
hetween V, and J/,, given explicitly in eq 6.4, 
shows that J,=0 if ff 0, and conversely If 
V,and /, are zero, the 2n-pole is said to be source 
free 

The matrices Z, ) are called the a pedar ce and 
the admittance matrices, respectively, of the 27 
pol If, for simplicity, the 2”-pole is assumed 
source-free, and if all the elements of / except 
[, are zero, 


where Z,, is the element in the g™ row and p' 
column of Z. Thus the value of Z,, is that valu 
of the impedance yep= V7, (ef eq 5.17) which is 
obtained under the conditions just stated. The 
elements 7 ure accordingly called OpEen-t ireuu 
transfer (pq) or input (p=q) impedances. It ts 
easily verified that the elements },, of Yo are 


is here used 


rmogeneonus, 


appropriately called short-c/reuit transfer or iy 


admittances. The 


and ) is given in e« 


algebraic relation betwe: 
| 6.4. 


The most general linear 2n-pole can be « 


pletely characterized by n(n-+1) constants (w 


are in general comp 


lex). In eq 6.da, for exan 


there are the x? elements of 7, plus the » elem 


of V 


» 


K 


connecting the W's and 2’s is determined }y 


n(n-+1) combinatio 


The original equations (eq 6.1) con 


ns of the original constant 


2. Linear 2n-poles with terminal variables 


, = Bin 


Terminal variables u1,,, 2B, may be defined 


terms of V,,, J, by 


In these equations, 
S2: «A and RB are ¢ 


ments c1,, and 2B, (mn 


yo is the diagonal m 





means of the matrix equati: 
2A=V+y7 I,) 
29B=V—y,I.) 

V and J are as defined iy 


me-column matrices with 


Be ses <, @ » Tespectiyve 


atrix 





The discussion immediately following, as well 


others in which wave amplitudes A,,, B,, are 


plicithy involved, w 


ill be understood to refer 


waveguide transducers. Further, the diago 


elements of y, are | 


the definitions of V,,. 


notation indicates. 
amplitudes given b 
6.6 ts then what n 
than formal, and t 
posed formal resol 
mentioned on p. 
picture, 

Instead of using 
with V.J to convert 
it is instructive to 
variables, and to r 


previous paragraph, 


recise ly the 4 


Yom Appearm 


I, eq 54 , as indeed 


The resolution into wa 


vy the right-hand pair of 


my be called physical rat! 
he complication of a sup 


ution into wave-amplitu 


524) will not come into 


the relations connecting 1 
the results of section VI 
start afresh with the n 

eapply the reasoning of 

Thus, the equations of 
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2n*+n constants, but the nature of the relations 


\ 





pole in terms of terminal variables 


ay be written 
SR «oce es By , eee " 0), 


ere, In accordance with the basic assumption, 


) 
i N 


The 2n-poles to be considered 
to be linear w ith respect to A, 5..* henee, the 


etions f, may be written 


ere | La. 2 6 6 @, and the ae a gq are 


mstants independent of /,, .1,. Continuing 
ietly as with eq 6.1 previously, one is led to 
mathematical analogs of eq 6.3a, 6.3b, and 


‘ 


t V1Z., 


re it is assumed that the matrices PR and S 


both nonsingular 
s clear that in the absence of incident waves 
0), the emergent-wave amplitudes are given 
i. if the ineident amplitudes are adjusted 


A,, tie 


to zero 33 i) 


outvomge waves are thereby 

If the 2n-pol is such 

it o4 PR 0. it is said to be source-free. 

The matrix S is very aptly called the scattering 
of the 2n-pole. If, for simplicity, the 

and if all the ele- 

then 


is assumed source-free, 


of wl except A 
‘amplitude 2, is 


are reduced to zero 
emergvent-way 
(6.10 

re S., is the element in the qg"™ row ana the 
column of S. Thus the value of S,, is that 
le Of p, B,/A, (cl eq o.17 

der the conditions just stated 
of S are called 

called 


are sometimes called transmission co- 


that is obtained 
The elements 
The 


cocflicients: the 


scattering coefficients. 
are also reflection 
q ~ pP 
Mathematically, the interpretation of 
The matrix 


eients, 
s, of course, similar to that of S, 
has received little explicit use, and no special 
minology for R and its elements is suggested 
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3. Relationship between Z- and S-matrices 


Since A, B are related to V, J by homogeneous 
linear equations, it follows that a 2n-pole that is 
linear and souree-free in an «1, 5-representation is 
also linear and source-free in a V, /-representation 
and vice versa). Quantitative relations between 
the results of the preceding two paragraphs are 
easily found. For example, the elimination of V 


and J from the equation 


\" 


‘A 


Upon solving this last equation for B, and com- 


paring with the equation 


Sul Bb, a) Sa) 
for the same 2n-pole, one obtains 
S } A.Y6 , O.lla 


t) lib 


It is easily verified that the two factors in paren- 


theses on the 1 oht ol eq bo lla commute, so that 


S 
For computations, the form 
S= 1] 
' vields 


Is converent Ry 6.lla solved for 


S | Ss 7 6.12 
The me are, 


necting other pairs of the four matrices 7, ¥ 
S, R. 


ol course, corresponding relations con- 


and 


4. Change of Representation 


values of the parameters which describe 


The 


the characteristics of a given linear waveguide 


transducer are obviously affected by the choice 


of the 7 


ables eq 


in the definitions of the terminal vari- 
54. 3.3 Thus, for 


transformation of the impedance 


example, the 
matrix from 
m=1,2-+-n) to 


i, 2s * n 


a representation defined by yom' 


a representation defined by 4 m 


For convenience let 7, 


may be found as follows. 
n respectively denote the diagonal matrices whose 
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“i ts of 


T repres 


responding 
In order that V./J and V 


elds | brew sary that 


ring with tl of eq 6.14, 0 finds 
. 7, e417 

the desired formula a 4 p rticul 

neteristi mpedances ¥ ] eq 6 LS 


Z. and the resulting Z is the normalized 
atrix 2 of the 2n-pol 
Loa 


Zn 6 


matrices involved, 


oq t ltis) 1S 
Z . 6.16b 
\ similar type of calculation vields for the 
sé termg matrices S and S 
\ "Sn , ( 7 
The normalized seattering matrix is thus 
Sn ( Ss 
ol terms of elen ts 
\ t ISb 
Ty r \ ay ores t| thy anstormation 
t does not ifiect tl <Vrnmetry propert cs of 
i! mpedan macrin If w impedance mati 
svinmetriec in one y,-representation, 1b 1s svmmett 
any -represe! itor Qn } othe hand 
the transformation J.17 does affect symmetry 
roperties \ seatteru matrix may be sym- 
met ! One epresel tation and unsvimetrhn 





mhnother 


mpedance matrices and seattering matrices 


spect to chane of representation can be rr 
: consequence merely of the partieula 
hich the basic defn ons (eq 5.4 and 5.5 
up 
If thre Wipeaa WWWtrIN OL:  . -potk Vi 
hom the senuttertngw matrix : 
sviInmetrie This mav be shown bv us 
lntion OL La hy } te thy normatiized m 
trie becomes 
» the tilde to. rte the t hspose of am 
a — —— 
l 
j | 1 
| 
‘hus . and the svmmetry is proved 
" Kt 
5. Linear two-poles; joining 
For a two-pole, all matrices involved thie 
rome reduces to sil le ! tmnbers Kg 6 Lan 
ed le to 
\ aan \ ( 
| rn. / ( 
respectively If O. then eq ob 19h hi: 


meaning; if ) 0, then eq 6.19a has no meal 


/ 1 


ana g cannot both be zero. on account « 
assumed existence of one relation of the 
6.1] If both ) ana J are finite, botl . 
6.19a and 6.19b ipply ina they have the " ve 
meaning \loreover ‘ 


as in The 


and of Norton’s theore mm is 


content of Thevenin’s the 


ay 
imecluded in the 


eq 64 


r of eq 6 10. 


C'onsider thre eon o-pol 


mecliol orn VW 
scuree-[ree 
on is VWi=Z7i, I. The sy 


solved 


whose equation = t) 


pole whos equa 


of equat ms to bye s then 
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here the last two equations are the joming equa- 
ms. Since the two two-poles when connected 
rm a closed system, the number of equations 
ould be sufficient to determine a unique solution 
the V’s and J’s. The fact that there are four 
juations to determine the four variables is a con- 
juence of the basic assumption concerning the 
umber of independent equations for a 2n-pole. 
-Z), 40, the solution of eq 6.20 for Vj, J; 
obviously 
" Vn es ] v 
 2utin * Zathe 
The appropriate specialization of eq 6.8a, 6.8b 
lds the equations of a linear two-pole in an 
B-representation: 


B,=S8,,A,4+- Ba, 
A, R,, B, T A 


(6.21a) 


(6.21b) 


gl 


temarks similar to those following eq 6.19 apply 
re also. The calculations with matrices that led 
» eq 6.11 may be performed for two-poles with 


iunbers. The results are, of course, as in eq 6.11, 


‘| 


Consider the connection of a two-pole source 


vhose equation is 6.2la) with a source-free 


wo-pole whose equation Is Bb, Ss A. The SVs- 


m of equations is then 


A, 
B; . , - (6.24 
6. Reciprocity 


Suppose that the equations of a 2n-pole can be 


pressed in the form 


f(T), To,++ ++ Ln 
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6.25 
6.25b 


where J,, Jj,----, 7, is one set of independent 
variables and J7, 77,-..-, 12 


dependent variables. 


is another set of in- 


Consider the condition 


2 { Vv. E. 


et 2 . 6.26 


and it serves to 


define an important class of 2n-poles. 


this is the reciprocity condition, 
The reci- 
procity condition greatly limits the generality of 
eq 6.25. To find the form of these equations, 
first differentiate eq 6.26 with respect to J? ob- 
taming 

sh OV pe, 
ma Ol, ™ 
. all so 
that the differential coefficients in eq 6.27 must 
be constants independent of J7, [7,----, 17. These 
constants may be denoted by 2,,., say, and eq 6.27 


But Vi does not depend upon J7, J7,---- 


then states 


a ree 


that is. the functions /, are linear and homo- 


Let V. I respectively denote the one- 
column matrices with elements V,,, J,,. 


geneous 
and let 

Z denote the square matrix with elements 

In this notation eq 6.25a and eq 6.25b become 


0. 6.20a 


where (J) denotes the matrix transposed. Elimi- 


nating V’,V’’ from the last equation gives 


0. (O.2S 


But Tel’ is a 


clement, and is therefore symmetric; hence, 


number, or a matrix of one 


f’*2f’ 

















Eq 6.28 can thus be written 


7’ 


“ 
~ 


Since I’ and I’ are arbitrary, 


the impedance matrix is symmetric. Thus the 
equations of a 2n-pole that satisfies the reciprocity 
condition are linear and homogeneous and can be 


written in the form 


V=2i, 


(6.29) 


is symmetric. The converse is easily 


holds, then the reciprocity 


where 
verified: if eq 6.29 
condition 6.26 holds. Eq 6.29 is therefore equiva- 
lent to eq 6 2b. 


If = is symmetric, its inverse, y is also 


528, that if 


scattering 


It was shown on p 
then the 


svimmetrie. 
is s¥mmetric, normalized 


matrix is also symmetric. 


7. Lossless 2n-poles 


A 2n-pole is said to be lossless if the total time- 
average power input is zero for all values of the 
terminal variables. Mathematically expressed in 


terms of V, J, this condition is 


Rev 0. 


(6.350) 


where J’ is the transposed complex-conjugate of /, 
and Me('V) is the real part of 7'V 


condition, the 


If a lossless 
2n-pole satisfies the reciprocity 
following conclusions concerning the form of the 
equations of the 2n-pole can be drawn. Equation 


6.30 directly implies 


r'v+Iv*=o 
Replacing | by cJ (eq 6.29), 
[*2]4+-12*1* =0. 


But Tz*I* is a single number and is therefore 


equal to its) transpose 2‘ I. The last equation 


becomes 


I(z+-2)7=0. 
Since J is arbitrary, 
(6.31 


This equation states that the imaginary part of 
is symmetric and that the real part ts antisym- 
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metric, This much holds for any linear, loss 


2n-pole. But since reciprocity was assumed, 
symmetric, and its real part must vanish. Thi» 
fore, 
je, (6.32 

where vis real and symmetric; 2 is pure (imagine) 

The corresponding properties of the normalix 
scattering matrix may be derived from eq 6.3: 
via eq 6.1la, or directly from the counterpart « 
eq 6.30 in an «Al, B-representation. Choosing ¢| 
latter method, the needed power equation is 
matrix notation, 


(eq 5.9 with ¥,, 1). Inserting B=sAl, 


MA—A's's A=. 
Since «1 is arbitrary, 
s's l. 6.34 


Eq 6.34 states that the inverse of s is the trans 
posed complex conjugate of s; a matrix havi 
this property is known as a unitary matrix. Th 
much holds for any linear, lossless 2n-pole. Bi 


since s is symmetric, s'=s*, and eq 6.34 become: 


ees |: (6.35 


the inverse of s is simply the complex conjugat 


of s. 
8. Four-poles 


Four-poles are of particular importance — ly 


eautise more complicated transducers are ofte 
built up of a number of four-poles connected 

tandem. If a four-pole satisfies the reciprocity 
condition, its equations may be written in eith 


of the two forms 


where the matrices and s are symmetric, a 


written, It is often convenient to have thes 


relations expressed in the so-called transmission- 


line form, defined by 


ry B, t- Po/Lo, 


l 
rn Bo+?nAz,) 
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here V2 = V>, 1, 


Ty; and where By =.Ay, As = B,. 
‘he reason for making the definition with respect 
» the quantities distinguished by bars will become 
pparent. The new coefficients are given in 
erms of the coefficients in eq 6.36 by 





= = 2 7 
thy = 211/212, tio= (21) 222 12) / 212 
t 1/212, too == 229/Z12 ‘ 
(6.38) 
! (8; )822—872)/8; } 811/8)2, 
2 S22/812, o9= 1/82. J 


lt is important to note that reciprocity is now 
manifested in the relations 
tiitoo—tota=1; yyl20—Pyal 1; (6.39) 


>) 
ai 


«., the determinant of the matrices of coefficients 
n eq 6.37 has the value unity. One may casily 
verify that this is both a necessary and a sufficient 
condition that the matrices of coefficients in the 
origmal eq 6.36 be symmetric, 
If a two-pole whose equations are 

V.=—2,]. | B.=s,As (6.40 
s connected to the above four-pole at terminal 
surface No. 2, then eq 6.37 NV ield 


Y a f12, T tio B Py; lio 
= fo, 2,4 loo A, = lo8,4- leo 
(6.41) 


Thus the input impedance y,, (or reflection co- 
efficient p,,) is exhibited as a /inear fractional 
funetion of the load impedance ¢, (or reflection 
factor s,). Transformations of the form 6.41 
have many interesting anc useful mathematical 
properties. (Equations of this form hold for any 
linear souree-free four-pole, whether or not the 
reciprocity condition is satisfied ). 

Suppose that a second four-pole is given, whose 


equations in the transmission-line form are 


V =t,,Ve+tel.. B,=1,,BetfisAs, 


~~ 


(6.42 


Where the notation is in all re spects similar to that 
ol eq 6.37 Let it be required to find the char- 


acteristics of the four-pole formed by joining the 
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two given four-poles, say with terminal surface 
No. 2 of the first coinciding with terminal surface 
No. 1 of the second. The notation has been 
chosen so that the corresponding mathematical 
process is merely a linear substitution, The result, 
in Matrix notation, is 


V, v; B, BR; 

=(TT’)| _ |, (RR’)| _ 

vf | A, «A, 
(6.43) 


where 7 and FR are the matrices of eq 6.37, 7° 
and FR’ are the matrices of eq 6.42. Thus the 
matrix of the parameters of the combination of 
the two four-poles is the matrix product of the 
matrices of the separate four-poles taken in the 
If the four-pole described by 
eq 6.42. satisfies the reciprocity condition, the 
determinants |7”’! and |R” 
unity. In this case, from the general rule for the 


proper order. 
are each equal to 


multiplication of determinants, 
[77’|=1 RR’ =1 


and the composite four-pole also satisfies the reci- 
procity condition. (Reciprocity was assumed for 


the first four-pole, eq 6.39), 


9. Linear symmetric four-poles 


A four-pole is said to be symmetric if it exhibits 
the same electrical characteristics when viewed 
from either of its two terminal surfaces. Thus 
the normalized 2- or s-matrix of a linear svym- 
metric (source-free) four-pole must be unaltered 
by the interchange of subscripts Land 2. That ts, 


it is necessarv that 


6.44 


A linear symmetric four-pole therefore satisties the 
reciprocity condition and the additional condition 
Sy te (Or Ss); Sy). Tf a four-pole is lossless, as 
well as linear, symmetric, and source-free, then 

must be pure imaginary and s must be unitary, 
The equations of a four-pole satisfying these 
special conditions are obtained in a familiar form 


as follows can be written 
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where 2). 2), are real. Defining 2,,/7.=a, 
1/22 4. the coefficients of the transmission- 
line form of the equations of the four-pole become 
(eq 6.38) 
tyi—a, fis re a*)/b, 
to, = 96, loo=a. 


A characteristic impedance ec of a four-pole is 
one that is transformed into itself by the trans- 
formation 6.41. For the four-pole in question, 
y- is given by 


ayet+j(1—a’*)/b 
jby ra 


which reduces to 6?y2+a?=1 Since the con- 
stants by, and a satisfy b°y2-a?=1, they can be 
written 


a cos @, 

hy, sin @, 
as a mere matter of notation. +, is real if a 1; 
#is then also real. y, is pure imaginary if |a . 


#is then also pure imaginary. The four-pole may 
be characterized in terms of 6, y. by eliminating 
a, 6b from the expressions for ft). fy, ete. The 
resulting matrix is 


[ cos “ nN sin “ 
T = . 6.45 
] sin @ cos 
7 


For any fixed value of y., the matrix is defined by 
the value of 0. T 7\6 If four-poles repre- 
sented by 7(@,) and 7(@) are jomed, the matrix 
of the composite four-pole is 7(4,)7@). Upon 
writing out the matrix product it is found that 


7T1a,)7 6, l(a 0. 6.46 


Equation 6.45 shows that 710 1; eq 6.46 thus 
vields 


or, T-'(0 / A It is apparent from eq 6.46 
that the matrices 714), 714) commute with each 
other 


10. Translation of terminal surfaces 


As a further and final specialization, consider 
four-poles of the type re presented by eq 6.45 with 
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y l preseribed., The corresponding 7-mat: 
cos @ j sin 6 


7(0) . (6.47 


) sin 6 cos 6 


The R-matrix (eq 6.37) corresponding to this 
7-matrix is particularly simple. From the ck 


tions 6.6 (with yo.=1, since a normalized represen. 
tation Was assumed in section VI, 9) and fron 
the definitions following eq 6.37 one finds: 


V B,+.A B, 7 B,J. 
/ B+AJ LAs LT: B35 
o}_ |. i AS 
wf, ‘ 
where he 
l l le 
Q . 3 
l l 
The relations connecting Vy, /; and Ve 1, ul ol 
V; sig 
7T\¢6 , 
I, I. Mi 
Using eq 6.48 to eliminate the V's and /- 
B RB. \ 
2 TAQ) _ ; 
| A: 
from which one obtains 
B, B. | 
2-7 (A)2 
A; | 
Therefore the matrix /?(@) relating 2B, o1 ( 
B,, cl Is 1p 
Rd) =27° T(8)2. 
For the particular 7(8@) considered, 2(@) is read 
found to be 
‘ 0) 
Re , H.40 
0) e** T 
(8) obviously shares the properties 6.46 of / 
The transformation of the reflection factor - 


6.41) defined by (4) is very simple, viz., 


Pil CG "tin t) 
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Among the four-poles that can be characterized 
vy matrices of the form of ?(@) (or 7(@)) are in- 
ided all those consisting of a section of ideal 
aveguide This is seen by employing eq 6.49 to 


rite 
B,= B.e~ "+0, 

— ir 5 ) 

A,=0 L Ave | 1) 

ul comparing these equations with eq 5.1. It 


< evident that @is to be identified as BL, where L 
- the length of the section of ideal waveguide 
onsidered, and 8 is the appropriate phase con- 
stant. (/2(@) and 7(@) were set up for @ real, cor- 
sponding to the real values of 8 for any non- 
ittenuated mode.) The determination of 8 for a 
viven mode in a given waveguide is a matter of 
\periment or of elect romagnetic theory ; 6 cannot 
be determined in transducer theory. It is thus 
logical to continue to use the electrical length @, in 
preference to writing BZ for the same quantity. 

lt was remarked on p. 517 that a translation 
fa terminal surface of a waveguide transducer 


s equivalent to joining a transducer consisting of 
a section of ideal waveguide at the terminal sur- 

n question. The corresponding mathematical 
process is given by eq 6.43 for four-poles. Thus, 
fa four-pole has a matrix 7 defined with respect 
oviven terminal surfaces, and if terminal surface 
No. Lis shifted an electrical distance @,, the corre- 


sponding new matrix is given by 
T’—T(0,)T 


If. also, terminal surface No. 2 is shifted byw the 


lectrical distance A, the result is 
r =F 70 7(0,)77 (8, 6.52 


Consider next the joining of any two given four- 


poles with matrices 7), 7). where the matrices are 


oe 
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defined with respect to terminal surfaces which 
do not necessarily coincide when the physical 
junction is made (fig. 5). 

The matrix of the physically defined composite 
four-pole is then given mathematically as a com- 


posite of three four-poles, 
T= 7,7(0)7;, (6.53) 


where @ is the electrical distance between the 
terminal surfaces involved (@ may be positive or 
negative), 

The results 6.52, 6.53 when expressed in terms 
of R-matrices, are, of course, of exactly the 
same form as eq 6.52 and eq 6.53 themselves. 
The mmplied algebraic details, while simple for the 
7-matrices, are exceedingly simple for the f- 
matrices. The simplicity of many calculations 
for four-poles in an A, B-representation in fact 
recommends the use of this representation of the 
terminal fields in many problems. For example, 
the transformation of the characteristics of a wave- 
guide 2n-pole corresponding to translation of the 
n terminal surfaces is readily obtained by working 
directly with the seattering matrix of the 2n-pole 
and applying the basie properties of the 7-trans- 
formation as expressed by eq 6.51. 


VII. The reciprocity theorem 


The determination of the characteristics of a 
given 2n-pole is fundamentally a matter of ex- 
periment. If the details of the structure of a 
2n-pole are given, it is sometimes possible to re- 
place direct experimental measurement by theo- 
retical calculations based more or less directly 
upon Maxwell's equations. A circuit problem ts 
usually regarded as specified in detail when the 
component capacitances, inductances, ete. and 
their interconnections are given. With such data 
given, the calculation of the characteristics of a 
2n-pole is set up in accordance with Kirchhoff's 
laws for electric circuits, and the calculation is a 
relatively simple algebraic problem. If, however 
instead of capacitances, inductances, ete., the 
geometry and the electrical constants of the media 
making up the capacitors, inductors, ete, are 
given, the problem in general becomes more diffi- 
cult, and the solution must be based more directly 
on the field equations. Microwave problems are 
characterized by the specification of geometry and 
electrical constants and by the necessity of em- 
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ploying the field) equations. The solution of 
microwave problems in detail is in general ex- 
tremely difficult. Much of the difficulty arises 
because of the vector nature of the field, and 
because retardation cannot be neglected. 

The difficulty of detailed caleulation of the be- 
havior of microwave components emphasizes the 
importance of transducer theory in calculations 
and measurements in microwave work. Condi- 
tions of the type employed in section VI lead at 
once to certain hecessary characteristics of the 
equations of any 2n-pole satisfying the various 
Moreover, the applicability of one 
or more of those conditions (such as linearity, 


conditions. 


reciprocity, losslessness, symmetry) is in many 
cases evident without explicit experimental verifi- 
cation. Reciprocity, in particular, is a very gen- 
eral and very important property and is perhaps 
the least obvious of those mentioned. The pur- 
pose of this section is to vive a proof of a rather 
general reciprocity theorem for 2n-poles. 

The reciprocity theorem is to be proved for a 
class of 2n-poles satisfying the following condi- 
tion: The media involved must be such that 
Maxwell's equations become linear equations at 
all interior points of the 2n-pole.'"© No restriction 
is imposed upon the geometry of the structure 
admitted, other than that indirectly imposed by 
the requirement that the structure shall actually 
be a 2n-pole. The geometry may, for example, be 
capacitors, and wires or that of 
It should be 


noted that the hv pothesis of linearity here em- 


that of coils, 
eavity resonators and waveguides 


ploved is of a very different type from that em- 
ploved in section VI. The important difference 
is that here the hypothesis applies directly to all 
points of the interior of a 2n-pole, whereas there 
it applied only to externally observable behavior 
at the terminals Reciprocity for a 2n-pole com- 
posed of circuit elements Is usually regarded us a 
consequence of Kirchhoff’s laws. Under the as- 
sumption of passive, linear, bilateral circuit-cle- 
vield the 


The basic assumption 


ments, Kirehhoff's laws reciprocity 
theorem almost at once 
emploved in this section (viz., linear media) differs 
very much in form and slightly in content, from 
mentioned, Under 


Maxwell's 


the cireuit-hypotheses just 


the present hypothesis of linearity, 


equations are employed to deduce a reciprocity 


theorem holding for any kind of 2”-pole satisfy 
the hypothesis. The theorem will therefore ap, |) 
to waveguide transducers, circuits, and to | \y 
mixed type involving both circuit and wavegu | 
leads. Some further preliminaries are needed jn 
preparation for the proof of the theorem. 

It is necessary to define precisely what is meant 
by the inte rior of a 2n-pole. The region occuy ed 
by the electromagnetic field of a 2n-pole is denoted 
by R, and the boundary of PR is denoted by S 
Rand S are illustrated for a waveguide transduce: 


with two waveguide leads in figure 6. If th 


























re NS for a warequide transduce 


number of leads is #7, the surface S may be though 
of as consisting of #— 1 separate parts, viz., a larg 
spherical surface S’ (with center at some meat 
position in the region), plus # separate closed sur- 
The surface Se 
th 


faces NS, (m=1, 2 ; ). 


” 


W aveguide (Coil- 


tends transversely across the m 


ciding with the terminal surface S,, within th 
waveguide), and encloses the two-pole source t 
minating the m™ lead. The region 2, the interto 
of the 2n-pole, is thus bounded externally by th 
surface S’ and internally by the surfaces 8, 
The surfaces SS enclose and thereby exclude thi 
fields and currents belonging to the two-pol 
sources, 

A 2n-pole of the type suggested in figure 6 
by ho means completely shielded: its field extends 
to infinity. The radius of the sphere al surface S 
must be allowed to become infinite for any iInecou- 
pletely shielded 2n-pole. Furthermore, in order 
that all of the field of such a 2n-pole be included 
in FR, the surfaces S; 
surfaces of the two-pole sources, and these must 


A region I 


must fit clesely over the 
be assumed to be perfectly shielded. 
and surface S of the type just described serve | 
any waveguide transducer. If a waveguide trans- 
ducer is completely shielded, as illustrated 

figure 7, an alternative 2? and S may be drawn «- 
shown in the figure. The subsequent argum: 


will employ the notation of the preceding figur 
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Surface S for an enclosed wave guide transduce 


ut no essential changes are required to adapt the 
argument to the simpler but less general case 
llustrated in figure 7. 

The followmg proof will also apply to 2n-poles 
having One or more circuit terminals of the type 
discussed in section V and illustrated in figure 4 
Thus any or all of the two-pole sources of the type 
illustrated in figure 6 could be replaced by those 
of the type illustrated in figure 4. If this replace- 
ment is made for the m™ lead, say, the surface S), 
of fig. 6) becomes the terminal surface of the m" 
two-pole source. No important changes in the 
argument are involved. 

The complete statement of the hypothesis im- 
posed on the media in ? is made as follows: Max- 
well’s equations in a very general form are 

re) \ 


curl E ot Bi), 


0 
ol 


DE 1) | 


curl H T 


The vectors B, D, J are respectively the magnetic 
uduction, the electric displacement, and the in- 
duced current density. The functions B(H), 
D(E), J(E) describe the media involved. It is 
required that the media be such that these fune- 
tions are linear and homogeneous. The mest 
general homogeneous linear vector funetions may 


be written 


BH “-H, 


DE 
JE 


lere the tensors 7, & ,.4, (which may have both 


real and imaginary parts) represent respectively 
permeability, dielectric constant, and conductivity 


Pha st 


hites: 


tensors depend upon the position coordi- 
they may depend upon the frequeney we, 
but not upon EB, H, and the time. If, as is as- 
sumed, all sources of the field vary harmonically 


with time at frequeneyv we, the solution of eq 7.1 
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subject to eq 7.2 may be obtained in the form 
E= E,e', H= Hoe. where E,, Hy are functions 
only of position. Inserting E, H of this form in 
eq 7.1, the governing equations become 


curl E= —jw, 7-H, ) 
curl H L-jwr -E . a 


Equations 7.3 determine the position-dependence 
of the complex amplitudes of a field which varies 
harmonically with frequency w at every point of PR 
In accordance with the hypotheses introduced in 
section IV, eq 7.3 must reduce to eq 4.1 in the 
neighborhood of terminal surfaces 

The tensors “ie / of course reduce to scalars 
for isotropic media. If tensors are required to 
express the properties of the media, it is essential 
for the proof of reciprocity that the tensors be 
Is sole- 


symmetric tensors. Symmetry of | 7, ¢ 


times deduced from energy considerations, at 
least when  /. ¢ are real. It is here assumed 
that vw, &, 7 are in fact symmetric 

Particular solutions of the eq 7.3 for a given 
2n-pole are determined by the boundary condl- 
tions, Which may be expressed in terms of the 
values of kX E and k» H on S, where k is the in- 
ward unit normal vector on S. It is a theorem of 
electromagnetic theory that the solution of Max- 
well’s equations in ? is uniquely determined fot 
all times ¢>0 by the values of BE, H throughout 
R at t—0 and the values of k Bor kk Hon S 
The values of k E may be specified over part of 
S, and the values of k> H, over the remaining part 
ofS.) Lf, as is assumed, the 27-pole under consider- 
ation is such that power is dissipated (however 
slightly), the effects of the initial values of the 
field throughout PR will be trarsient, and the stead y- 
state field (the solution of eq 7.3) will be deter- 
mined solely by the values of k Band k« Hon S 

The terminal surfaces S,, form a part of S. On 
the terminal surfaces, k» E and k» H are given 
by E,, and H,, (sec. \ 
the surfaces S,, the field satisfies the homogeneous 
boundary condition kK» BE—0. On S’ the field is 


to satisfy the so-called outward-radiating condi- 


On the remaining parts of 


tion, Which insures that there are no sources out- 


side S’ (i. e., at infinity), and matters only for 


nonshielded 2n-poles. It follows from the unique- 


ness theorem and from these boundary conditions 


is6 (\MeGraw-Hill Book ¢ 


} 











that the solution of eq 7.3 is uniquely determined 
by a set of w terminal fields such that either kx E 
or k» #1 is specified on each of the » terminal sur- 
faces. A set of such fields is illustrated in table 1. 
No condition is placed upon the two-pole sources 
responsible for the terminal fields, other than that 
they produce fields of frequeney w. The nature 
of the ultimate sources that generate the fields is 
of no importance. So far as the 2n-pole under 
consideration is concerned, it matters only that 
certain fields do appear at its terminals. 


TABLE 1 nal fields 


It has been tacitly assumed that a solution 
exists for arbitrary values of the terminal fields in 
sets of the type shown in table 1 The unique- 
ness theorem insures merely that if a solution 
exists, itis unique. In order to carry through the 
proof of the reciprocity theorem, it is assumed 
that the set Hy, HM, - + +. H, may be arbitrarily 
preseribed 

The proof of the reciprocity theorem is made 
to rest on two lemmas. The first of these is a very 
general reciprocity relation first given by H. A, 
Lorentz Let BE’. H’ and BE”. H” be two fields 
arising from independent anal arbitrary sets of 
sources with frequency ew. The fields satisfy eq 


7.5 in PR, 
curl BE’ jw. dt’, 
curl H’ jw -E’ 
curl B’’ jw. fl 
curl H”’ 
Define the veetor L= EB’ °— B's HM’, and 


form the vector kdentity 
curl EB E’-curl H”’ 
curl HY’. 


div L=H”’ 
H’-curl E’’+E”’ 


Substituting the expressions 7.4 for the cur! 
and making use of the symmetry of the tens: 
parameters, one obtains 


div L 


0 (in PR), 


which relation is the first lemma. 
The second lemma asserts that the integral | 


the normal component of Z, taken over tl 


sperical surface S’, vanishes: 


n.(E’<H”’ 


S 
. 


_ H’\dS 0. 


This is most easily shown by considering t! 

asymptotic form of the fields on S’ for large values 
of radius r (but the fact to be prov ed is independet t 
of the size and shape of S’). For sufficiently larg 
r, the field approaches that of a concentrated 


source ats 0. VWiz.. 


where @ is a transverse vector function (@n—0 
of the direction of the vector r. B W yume, wii 
Yom yeu. (It is assumed that for large r the 
medium is simply free space.) The fields deseribed 
7.7 are in general elliptically polarized 
| igi 


waves. Upon substituting eq 7.7 into 


by eq 
spherica 


eq 7.6 one finds that the integrand of eq 7. 


Vanishes identically, since 
i t’<ny=t"’ 
Henee one may infer that 


lim 
n-LdS—0; 


; s 
. 


Which is the statement of the second lemma 
the prool © 


By th 


After the foregoing preliminaries, 
the reciprocity theorem ts very direct 


(lin ergence theorem, 


liv Ld; 
RP 


k-LdS- 


. 


The minus sign appears because k was chos 


as the inward lemma 


div L 


normal By the first 
O in /?, so that 
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k-LdS—0. 
Hence, by the definition of S. 


> | k-LdS | k-LdS—0. (7.9) 
m=1.) Js 

\nd by the second lemma, the integral over S’ 
vanishes, at least in the limit as r->o. 
terms of the summation in eq 7.9 do not depend 


pon 7, so that 


} - k-LdS—0 
- < 


and the integral over S’ must in fact be inde- 


pendent of 7 Replacing Z by the quantity for 


which it is an abbreviation, 


D> | ke (E HB” 


H’ dS 0). 
7.10 
The integral over So reduces in all cases to the 


ntegral over the terminal surface S,,. (For 
waveguide terminal surfaces, the integrand van- 
ishes on those parts of S, that do not coincide 


with S, Hence 
E. H dS 0), 


The individual terms of this expression are of 


the same form as the power relation 5.8 (or 5.23 
Therefore 


bo oft a od ae 7.11) 


Since this relation holds for arbitrary values of 
the independent variables, it is precisely equiva- 
lent to the This 
completes the proot of the reciprocity theorem 


reciprocity condition 6.26 

The algebraic consequences of the reciprocity 
condition were examined in section VI, 6. It was 
there shown that the equations of a 2n-pole 
satisfving the reciprocity condition are expressible 


by means of the homogeneous linear equations 


Vi.= 2, Zenda (k=1,2,-+++, 2), (7.12 


Where the matrix of coefficients Z 
The symmetry of the Z-matrix is the essential con- 


is symmetric. 


tent of the reciprocity theorem; the linearity and 


homogeneity of the equations of the 2n-pole can 
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But the 


be inferred directly from the same properties of 
Maxwell's equations in R. 


VIII. A reactance theorem 


By an application of Poynting’s theorem, one 
can obtain a fundamental formula relating the 
impedance matrix of a 2n-pole to the fields in the 
interior of the 2n-pole. 
satisfies the hypotheses used in section VII, assum- 


Consider a 2n-pole that 


ing now for simplicity that the media involved are 
isotropic. Assume also that uv and ¢ are real: dielec- 
tric losses, if present, are to be represented by an 
equivalent conductivity included in o. Poynting’s 


theorem (for the complex Poynting’s vector 
applied to the region R bounded by the surface S 
states that 


! OE-E*dr | 


4 H-kiS— | 
jw | (jam » B-E*) dr, SI 


where the notation is carried over from section \ I] 
As in section VIL, the surface integral may be split 
into the sum of integrals over the terminal surfaces 
plus an integral over the spherical surface S’. The 
sum of the integrals over the terminal surfaces 
, r= l 

reduces to the matrix product | J'V, orto, 7’ Z7, 
where Z/ replaces Y Eq 8.1 becomes 

l ig , ' ee 

- I'ZI=3 E» H*-ndS4 » E-E*ds 


. C dm 
jw | (4 H-H*—S E-E* ) dr, s.2 
JR\- - 
where n denotes the outward normal on S’. Fora 


shielded 


nothing, 


2n-pole, the S’-integral contributes 


since the integrand vanishes. IRf the 
2n-pole is not shielded, the radius r of the surface 
S’ must be made to become infinite, and R becomes 


a region of infinite extent. The contribution of 


the S’-integral to the right-hand side of eq 8.2 is 
then real (as may be seen by reference to the form 
of the field for large r, eq 7.7), and represents the 
time-average of the power lost by radiation Kor 
many circuit 2n-poles, even if unshielded, the 
radiation loss is negligible.) The second term on 
the right of eq 8.2 gives the Joulean and the di- 
electric power losses in the 2n-pole. The last 


term, which is pure imaginary, is 2jw times the dif- 
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ference of the time-average magnetic and electric 
energies of the field of the 2n-pole. Writing ( 
for the total power dissipation, and l’,, U’, for 
the magnetic and the electric energies, eq 8.2 
becomes for the special case of a two-pole, 


») 


i 2 [@ T 2)w Uy» U,)). (8.3) 


Zi=Riy +jNXiy 


This equation throws some light on the physical 
meaning of impedance: &,, is determined by the 
losses; .Y,,, by the reactive energy unbalance. 

It has already been remarked that the calcula- 
tion of the field, particularly in microwave prob- 
lems, is in general very difficult. On the other 
hand, it is not difficult to derive a general property 
of the reactance matrix of a lossless 2n-pole. The 
property in question is a generalization of an 
essential part of the content of Foster's reactance 
theorem for circuits, viz., the frequency-derivative 
of the reactance of a lossless linear two-pole is 
positive, 

dX 
ds 


For 2n-poles, the corresponding statement is that 
the frequency-derivative of the reactance matria 
A proof of this statement will 
now be given for the generalized type of 2n-poles 


is positive definite. 


considered in this paper. 

The field of a lossless 2n-pole that satisfies the 
hy potheses of the reciprocity theorem (sec. VIL) is 
subject to Maxwell's equations in the form 


curl E jou.) 

(S.4a) 
curl H jweE. ) 
The parameters u, « must be real; for sumplicity it 
is assumed that yw, ¢ are scalars and that they are 
independent of frequency in the frequency-range 
sufficient that O/ (Ow and 
Moreover, 


considered (It is 
0. #/Ow be positive definite or zero.) 
the 2n-pole must be completely shielded so that 
radiation loss cannot occur. The domain of the 
field BE, His a region R bounded by the surface S”’ 
with inward normal k. Since the physical 
boundaries of the field must be perfectly conduct- 
condition kx E=0 must be 
‘except on the terminal 
Let the 
fields on the terminal surfaces be specified in terms 


in” the boundary 
satisfied everywhere on S’ 
surfaces S,, (which form a part of S’’). 


of a set of magnetic field amplitudes (‘‘currents” 
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in the circuit case) J, J), + + +, Ty. A solutiv 9 
of eq 8.4a is thereby determined, and the corr - 
sponding electric field amplitudes V,, are relate | 
to the J,, by the matrix equation 


V=Z(w)l, 


where Z(w) is the impedance matrix (at fre- 
quency w) of the 2n-pole, and V, J are one-column 
matrices with elements VV, and J,,, respectivel) 
Since the reciprocity theorem applies, 7() is 
symmetric; and since the 2n-pole is by hypothesis 
lossless, Z(w) is pure imaginary (sec. VI, 7 
Hence, in place of V=Z(w)J, one may write 


V=jX (eI, 


where .Y(w) is real and symmetric. 

Let BE’, H’ denote the 2n-pole field satisfying the 
boundary conditions determined by I. I, ° 
T, at a new frequency o’=w+de. The field 
equations corresponding to eq 8.4a are 


curl E’ jo'uH’,) 


Ss $l) 


curl H’= + jo'eB’, ) 


and the matrix equation corresponding to eq 85a is 


y’ jX(w’ I. (S.5b 
The matrix J is arbitrary, but by hypothesis it is 
the same for both eq 8.5a and eq 8.5b 

It should be noted that in a waveguide, th: 
terminal fields determined by J are not neces- 
sarily the same for the two frequencies w’ and « 
For, going back to eq 5.4, 5.2, one finds that // 
and //), are given by 


where the primes denote quantities associated 


with the frequency #’. The wave admittance } 
depends on frequency for modes other than  prin- 
modes: F,,,. function of 


geometry and does not depend upon frequen 


cipal however, is a 
The subsequent calculation is appreciably su 
plified by [yn (w)] The | 
I-representation to be used thus depends up 


Choosing Yo»(@) 


frequency in a particular way, and this necessar! 
affects the frequency-dependence of X (w). Wi 
this choice of representation, the last two equ 
tions above are replaced by the single equation 
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B..=I,, bX Fa, (8.6) 


vhich holds for both » and w’. The correspond- 
ng equations for E,, and E;, are 


E.=V.F =, ) 
E.—V.F.,. ) 


™ 


(8.7) 


; , z " ‘ ] ‘ 
as obtained from eq. 5.4, 5.2 with y, yy. rhe 


discussion leading to eq 8.6 and 8.7 pertains only 
io waveguide terminal fields. For terminals of 
cireuit type the question of representation does 
not arise. The special choice made above per- 
mits the calculation to be carried through in one 
formal manner for any kind of 2n-pole — wave- 
vuide, circuit, or mixed. 

By forming the quantity E’« H*—E»H’*, 
integrating its inward normal component over S”’, 
and applying the divergence theorem, one obtains 


i. f - . ’ . 
yl | BX Ht— EX H"*) kal 
-~m-i Sm 


| div (EX H’*—E’ <H*)dr, 


a], 
since E’<k=Exk=0 on the conducting sur- 
faces. Using eq. 8.6, 8.7, and the normalizing 
condition 5.3, the left-hand side of eq. 8.8 is 
reduced to 

] — y 

~('v’—i'y 
where J' is the transposed complex-conjugate of 
/. From eq 8.5, this quantity may be written 


l sd , 
= jl [.V(w y—.\ (w) J, 
Which is, to the first order in éw, equal to 


>i ( I = I) bw. (8.9) 
Since .Y(@) is real and symmetric, d.\/d@ is also 
real and symmetric, and the quantity 8.9 is there- 
fore pure imaginary. 

The right-hand side of eq 8.8 is transformed as 
follows: The integrand is, by a vector identity, 


div (EX H’*— E’ x H*)= Hf’* .curl E— 
E-curl H’*—H*-curl E’ + E’-curl H* 


Network Equations to Waveguide Problems 


Maxwell’s equations 8.4 serve to eliminate the 
curls: 


div (Ex H’*— E’ H*) jw(nH: H’* 
cE’ . E*) jw’ (uw H’.H* + €E.E’*). 


Letting H’=H+6H, E'=E-+6E, w’ w+ dw, and 
expanding the right-hand side of the last equation, 
one obtains the quantity 


2w Imag (eB-6E* + wH*-5H) + jéw(eE-E*~ yH-H*), 


correct to the first order. Hence, the right-hand 
side of eq 8.8 may be written as 


—w Imag | (eB -56E* +-ypH* -6B)dr4 
R 


. 


jee | ( ‘ B-E* +4 H-H*) dr. (8.10) 
The first term of this expression must actually be 
zero to the first order in 6w, since the term is real, 
and the real part of the left-hand side of eq 8.8 
is zero to the first order. This information, 
however, is incidental; the desired result is ob- 
tained from the equality of the imaginary terms 
of eq 8.8. From eq 8.9 and 8.10, then, 


yi(U gy 1) bode |, (5 BB+ 5 MoH) de 


Therefore 
3 


dw 


I J=4(U,+Usz), (8.11) 
where Uy, (, represent magnetic and electric 
energies, as in eq 8.3. Since the quantity (y+ Uy 
is positive for every nonzero 7, eq 8.11 states that 
the frequency derivative of the reactance matrix 
is positive definite, as was to be shown. (For @ 
approaching a resonance frequency, (7+ UC’, tends 
to infinity, so that d.\/de is not defined at such 
exceptional frequencies. ) 

It is perhaps worthwhile to write down the 
generalization of eq 8.11 holding for arbitrary 
choice of the y,,. Let an arbitrary representa- 
tion of the fields at waveguide terminal surfaces 
be defined by the diagonal matrix y, with diagonal 
elements Yor, Yoo. « « «s You. and let Vy denote the 
diagonal matrix of wave-admittances with diag- 
onal elements ),, )2, .. ., Yy. If some of the 
terminals of the 2n-pole are circuit terminals, the 
corresponding Yom and in are to be understood to 
be equal to unity.) Then the reactance matrix .Y 
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associated with the representation yp is such that ' 


_ d ia oe , :; 
I'yoVo y- (vo 'Vo' X) 1=4(U y+ Ug). (8.12) 
In a normalized representation, yo=1l, and eq 


8.12 simplifies to 


d 


I Yo de sf. Z I 
where « is the normalized reactance matrix. The 
equation is of the same form for any set of fre- 
If the y,, are chosen 


is independent of fre- 


quency-indepdendent y,’s. 
so that the product y,¥ 
quency (as was done in the derivation of 8.11), eq 
8.12 reduces to eq 8.11, as it should. 


IX. Appendix 
1. Multimode Interaction 


The extension of the discussion of the text to include 
multimode interaction, as defined in section IV, is straight- 
forward. An outline of this generalization will suffice 

Equations of the form of eq 5.1, 5.2, 5.3 hold for each 
mode » in waveguide m. The amplitude coefficients 
V2, 72 of mode » in waveguide m are defined by 


(5.4 


A multiplier y2,, which could be inserted, as in eq 5.4, is 
here omitted for simplicity. 
of E and H on the m** terminal surface are 


The tangential components 


he -™ 
5.=), 8:=)5 VIE", 
; an (A.1) 
#..=3) St yon) 
n=l n=l 


where A,, denotes the number of nonattenuated modes 
admitted in waveguide m. The complex power input at 
the m'* terminal surface is given by 
, lf > . : 
m=s5 1. (2. < H.)-kdS. 

* 


Because of the orthogonality property of the waveguide 
modes, W,, can be written as the sum of contributions from 
the individual modes, 


* The X in eq 8.12 is related to the X in « 
type discussed in sec. VI, 4. 


1 8.11 by a transformation of the 
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wW.=>SW3, 
n=l 
where 
,” l F . ° . 
Weems. (BEX HE) -kndS=1/2VEIE. 58!) 


This is the basie power expression. Turning to the joining 
equations, and referring to the notation and the discuss on 
on p. 520, section V, it is clear that 


E,=E, 


H,= i, 


From the orthogonalit, 
or from the linear independence) of the waveguide 
modes, it follows that the amplitudes must satisfy 


express the joining condition. 


Vi=V3, ) 
I7=—12, J 


where »= 1,2, , Ar (and \y= A», of course). 
Equations 5.8’, 5.12’ are formally identical to the 
corresponding equations previously obtained. Thus a 


multimode waveguide transducer can be treated as 


a 2M-pole, where M >> = The transducer theory of 
mn 1 
section VI can be adapted to the multimode case without 
formal change in that theory by the expedient of numberin; 
the variables V2, J? serially in some order and denoting 
them by V,,, Ja, Where m=1,2,..., M. With this 
notation the reciprocity theorem of section VII and the 
reactance theorem of section VIII apply formally un- 
changed. 

For some purposes, however, it is convenient to retain 
the superscript identification of mode and the subscript 
The equations of a linear 


source-free waveguide transducer, having n=2, A 


identification of waveguide. 
) 


\, = 3, for example, may be written 











nu rz 23 23 23 2879 C7 
v Zit ZB 03, BH aE / 
Vv! Zi ZR ZZ / 
Vv ZA ZELLLEL I: 
Lave | zy 2x zu ze ad Le 











The coefficient Z may appropriately be called the open- 
circuit transfer impedance from mode uw in waveguide k to 
mode 7 in waveguide m. If the reciprocity condition s 
satisfied, the above impedance matrix is symmetric, i. 


Zn, 


Wasuincton, April 20, 1948. 
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